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HEAT FLOW ON THE MODULI SPACE OF FLAT
CONNECTIONS AND YANG-MILLS THEORY
RE´MI JANNER
Abstract. It is known that there is a bijection between the perturbed closed
geodesics, below a given energy level, on the moduli space of flat connectionsM
and families of perturbed Yang-Mills connections depending on a parameter
ε. In this paper we study the heat flow on the loop space on M and the
Yang-Mills L2-flows for a 3-manifold N with partial rescaled metrics. Our
main result is that the bounded Morse homology of the loop space on M is
isomorphic to the bounded Morse homologies of the connections space of N .
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2 RE´MI JANNER
1. Introduction and background
In 1983 Atiyah and Bott (cf. [4]) introduced the moduli space of flat connections
for a principal bundle P → Σ over a surface (Σ, gΣ). This moduli space can be seen
as an infinite dimensional symplectic reduction; in fact, the conformal structure
on the surface defines an almost complex structure, and with it together with the
scalar product on the 1-forms one can also obtain a symplectic form. In case we pick
a principal non trivial SO(3)-bundle, then the moduli spaceMg(P ), defined as the
quotient between the space of the flat connections A0(P ) ⊂ A(P ) and the identity
component of the gauge group G0(P ), is a smooth compact symplectic manifold of
dimension 6g − 6 (cf. [6]) where g denotes the genus of the surface and A(P ) the
set of the connections of the bundle.
Critical connections. On the one side, we consider the loop space L(Mg(P )) of
the manifoldMg(P ) and if we want to compute the perturbed energy functional of
a loop γ, where the perturbation comes from an equivariant Hamiltonian map, we
can pick a lift A(t) ∈ A0(P ) of γ and the unique loop Ψ(t) ∈ Ω0(Σ, gP ) of 0-forms
satisfying the condition1
(1.1) d∗A (∂tA− dAΨ) = 0.
In this case, we can see A(t)+Ψ(t)dt as a connection on Σ×S1 and the perturbed
energy functional can be written as
(1.2) EH(A) =
1
2
∫ 1
0
(
‖∂tA− dAΨ‖2L2(Σ) −Ht(A)
)
dt
where Ht : A(P )→ R is a generic equivariant Hamiltonian map. The critical loops
of (1.2) have to satisfy the equation
(1.3) πA (−∇t(∂tA− dAΨ)− ∗Xt(A)) = 0,
where ∇t := ∂t + [Ψ, .], where πA denotes the projection of the 1-forms in to the
linear space of the harmonic 1-forms H1A which corresponds to the tangent space of
the manifold Mg(P ) at the point [A] and where the time-dependent Hamiltonian
vector field Xt is defined such that, for any connection A ∈ A(P ) and any 1-form
α, dHt(A)α =
∫
Σ
〈Xt(A) ∧ α〉. The equation (1.3) can be therefore also written as
(1.4) −∇t(∂tA− dAΨ)− ∗Xt(A) − d∗Aω = 0;
the 2-form ω(t) ∈ Ω2(Σ, gP ) is defined uniquely by the identity
dAd
∗
Aω = [(∂tA− dAΨ) ∧ (∂tA− dAΨ)]− dA ∗Xt(A)
and d∗Aω corresponds to the non-harmonic part of −∇t(∂tA− dAΨ)− ∗Xt(A).
On the other side, if we pick the 3-manifold Σ×S1 with the metric ε2gΣ⊕gS1 for a
positive parameter ε and if we consider the principal SO(3)-bundle P×S1 → Σ×S1
such that the restriction P ×{s} → Σ×{s} is non trivial, then the perturbed Yang-
Mills functional is
(1.5) YMε,H(Ξ) = 1
2
∫ 1
0
(
1
ε2
‖FA‖2L2(Σ) + ‖∂tA− dAΨ‖2L2(Σ) −Ht(A)
)
dt;
1Ωk(Σ, gP ) denotes the space of k-forms on Σ with values in the adjoint bundle gP := P ×Ad g
defined by the equivalence classes [pg, ξ] ≡ [p,Adgξ] ≡ [p, gξg−1] for p ∈ P , g ∈ G and ξ ∈ g.
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where the connection Ξ ∈ A(P×S1) can be written as = A+Ψ dt with A(t) ∈ A(P ),
Ψ(t) ∈ Ω0(Σ, gP ); in fact, the curvature of Ξ is FΞ = FA − (∂tA − dAΨ) ∧ dt. A
perturbed Yang-Mills connection Ξε ∈ A(P × S1) has therefore to satisfy the two
conditions
(1.6)
1
ε2
d∗AεFAε −∇t(∂tAε − dAεΨε)− ∗Xt(Aε) = 0,
(1.7) d∗Aε(∂tA
ε − dAΨε) = 0.
Next, we consider the sets of critical connections below an energy level b, i.e.
CritbEH :=
{
A+Ψdt ∈ L(A0(P )⊗Ω0(Σ, gP ) ∧ dt)|EH(A) ≤ b, (1.1), (1.3)
}
,
CritbYMε,H :=
{
Ξε ∈A(P × S1)| YMε,H (Ξε) ≤ b, (1.6), (1.7)}.
We can now define a map between the perturbed geodesics, CritbEH , and the set of
the perturbed Yang-Mills connections, CritbYMε,H , with energy less than b provided
that the parameter ε is small enough (cf. [8]); this map can also be defined uniquely,
it is bijective and maps perturbed geodesics to perturbed Yang-Mills connections
with the same Morse index (cf. [9]):
Theorem 1.1 (cf. [9], theorem 1.1). We assume that the Jacobi operators of all the
perturbed geodesics are invertible and we choose a regular value b of the energy EH
and p ≥ 2. Then there are two positive constants ε0 and c such that the following
holds. For every ε ∈ (0, ε0) there is a unique gauge equivariant map
T ε,b : CritbEH → CritbYMε,H
satisfying, for Ξ0 ∈ CritbEH ,
(1.8) d∗εΞ0
(T ε,b(Ξ0)− Ξ0) = 0, ∥∥T ε,b(Ξ0)− Ξ0∥∥
Ξ0,2,p,ε,Σ×S1 ≤ cε2.
Furthermore, this map is bijective and indexEH (Ξ
0) = indexYMε,H (T ε,b(Ξ0)).
The norm ‖ · ‖Ξ0,2,p,ε,Σ×S1 is introduced in the appendix A.
Remark 1.2. With the same assumptions of the last theorem we can also conclude
the following estimates (cf. [9], theorem 9.1 and lemma 9.6). We consider the
unique solution
αε0(t) ∈ im
(
d∗A0(t) : Ω
2(Σ, gP )→ Ω1(Σ, gP )
)
of the equation
(1.9) d∗A0dA0α
ε
0 = ε
2∇t(∂tA0 − dA0Ψ0) + ε2 ∗Xt(A0),
then, for α+ ψdt := T ε,b(Ξ0)− Ξ0,
(1.10) ‖(1 − πA0)(α − αε0)‖Ξ0,2,p,ε,Σ×S1 + ε ‖ψdt‖Ξ0,2,p,ε,Σ×S1 ≤ cε4,
(1.11) ‖πA0(α)‖Ξ0,2,p,1,Σ×S1 + ‖αε0‖Ξ0,2,p,1,Σ×S1 ≤ cε2.
Bijection between the flows. The theorem 1.1 allows us to identify the critical
connections and thus the next natural step is to prove a bijection between the flow
lines.
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On the one side, every map [Ξ] : S1 × R→Mg(P ) can be seen as a connection
Ξ = A+Ψdt+Φds ∈ A(P × S1 × R) which satisfies
FA = 0, ∂tA− dAΨ ∈ H1A, ∂sA− dAΦ ∈ H1A(1.12)
and if we have a map A : S1 × R → A0(P ), the second and the third condition
of (1.12) yield to unique 0-forms Ψ,Φ ∈ Ω0(Σ × S1 × R, gP ). In order to achieve
the transversality condition for the heat flow we need to choose a generic abstract
perturbation on the loop space instead of the Hamiltonian one. Furthermore, [Ξ]
is a heat flow between the perturbed geodesics Ξ± ∈ CritbEH , b ∈ R, if it satisfies
the flow equation for the functional EH , i.e.
∂sA− dAΦ− πA
(∇t (∂tA− dAΨ) + ∗Xt(A)) = 0,
lim
s→±∞
Ξ(s) = Ξ±.
(1.13)
On the other side, a perturbed, ε-dependent, Yang-Mills flow between two per-
turbed Yang-Mills connections Ξ± ∈ CritbYMε,H can be considered as a connection
Ξ := A+Ψdt+Φds on the 4-manifold Σ× S1 ×R, where Φ ∈ Ω0(Σ× S1 ×R, gP )
makes the equations gauge invariant, and it satisfies the equations
∂sA− dAΦ + 1
ε2
d∗AFA −∇t (∂tA− dAΨ)− ∗Xt(A) = 0,
∂sΨ−∇tΦ− 1
ε2
d∗A (∂tA− dAΨ) = 0, lims→±∞Ξ = Ξ±.
(1.14)
In the following we denote byM0(Ξ−,Ξ+) (respectively byMε(Ξ−,Ξ+)) the mod-
uli space of the solutions of (1.13) (respectively of (1.14)). We can therefore expect
a bijective relation also between the flows of the two functionals for ε small enough.
Theorem 1.3. We assume that the energy functional EH is Morse-Smale and we
choose p > 2 and a regular value b > 0 of EH . There are constants ε0, c > 0 such
that the following holds. For every ε ∈ (0, ε0), every pair Ξ0± := A0± + Ψ0±dt ∈
CritbEH with index difference 1, there exists a unique map
Rε,b :M0 (Ξ0−,Ξ0+)→Mε (T ε,b(Ξ0−), T ε,b(Ξ0+))
satisfying for each Ξ0 ∈M0 (Ξ0−,Ξ0+)
(1.15) d∗εΞ0
(Rε,b(Ξ0)−Kε2(Ξ0)) = 0, Rε,b(Ξ0)−Kε2(Ξ0) ∈ im (Dε(K2(Ξ0)))∗ ,
(1.16)
∥∥Rε,b(Ξ0)−Kε2(Ξ0)∥∥1,2;p,1 ≤ cε2.
Furthermore, Rε,b is bijective.
In the last theorem the connection Kε2(Ξ0) should be seen as a first approxima-
tion of the Yang-Mills flow and the norm ‖ · ‖1,2;p,1 is defined in the section 5.
Isomorphism between the homologies. The theorem 1.1 assures a bijection
between the critical connections with the same index and the theorem 1.3 between
the flows and thus we can compare the Morse homologies defined using the L2-
flow of the two functionals below a energy level b. In the loop space case the
homology is well defined by the work of Weber (cf. [17]) and in the Yang-Mills
case we know that the flow exists in the case when the base manifold is two or
three dimensional (cf. [11]) or when we have a symmetry of codimension 3 on the
base manifold of higher dimension (cf. [12]), but no results about the Morse-Smale
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transversality or the orientation of the unstable manifolds are known and therefore
a priori HM∗
(Aε,b (P × S1) /G0 (P × S1)) might even not be defined; in our case,
it makes sense because the unstable manifolds of Aε,b (P × S1) /G0 (P × S1) in-
herit these properties from the unstable manifolds of LbMg(P ). Here G0
(
P × S1)
denotes the loop group on the gauge group G0(P ); LbMg(P ) ⊂ LMg(P ) and
Aε,b (P × S1) ⊂ A (P × S1) are respectively the subsets where EH ≤ b and
YMε,H ≤ b. Thus, we can prove the following theorem.
Theorem 1.4. We assume that the energy functional EH is Morse-Smale. For
every regular value b > 0 of EH there is a positive constant ε0 such that, for
0 < ε < ε0, the inclusion LbMg(P ) → Aε,b
(
P × S1) /G0 (P × S1) induces an
isomorphism
HM∗
(LbMg(P ),Z2) ∼= HM∗ (Aε,b (P × S1) /G0 (P × S1) ,Z2) .
Another way to approach this problem could have been to consider the W 1,2-
flows; in this case both homologies are well defined since the Palais-Smale condition
is satisfied in both cases (cf. [19]) and thus by the general Morse theory (cf. [1])
the transvervality may be achieved. It is also interesting to remark that the Morse
homology of the loop space defined by the heat flow is isomorphic to its singular ho-
mology by the work of Weber (cf. [17]) and to the Floer homology of the cotangent
bundle T ∗Mg(P ) using the Hamiltonian HV given by the kinetic plus the potential
energy and considering only orbits with the action bounded by b as showed for
the general case by Viterbo (cf. [16]), by Salamon and Weber (cf. [13]) and by
Abbondandolo and Schwarz (cf. [3], [2]). The result of this paper enter therefore
in a bigger picture as discussed by Swoboda and the author in [10], where a new
elliptic Yang-Mills theory is introduced and where it is conjectured that the elliptic
Yang-Mills homology is isomorphic to HM∗
(Aε,b (P × S1) /G0 (P × S1) ,Z2).
Outline. In the sections 2-4 we will discuss the heat flow and the Yang-Mills
flow equations; after that we will define the ε-dependent norms (section 5) and
introduce the Morse homologies (section 6). In the sections 7 and 8 we will show
respectively some linear and quadratic estimates that we will need in the section
9 to construct an approximation of a perturbed Yang-Mills flow starting from a
perturbed geodesic flow and in the section 10 in order to define uniquely the map
Rε,b using a contraction argument. The next four sections are of preparatory nature
for the proof of the surjectivity of Rε,b (section 15); in fact in the section 11 we
will show some a priori estimates for the perturbed Yang-Mills flow and then we
will prove an estimate for the L∞-norm of their curvature terms (section 12), the
uniformly exponential convergence of the flows (section 13) and two theorems that
allow to choose the right relative Coulomb gauge (section 14). The surjectivity
(section 15) will be showed using an indirect argument; in fact we will prove that
any sequence of perturbed Yang-Mills flows Ξεν , εν → 0, which is not in the image
of the map Rε,b, has a subsequence which converges (modulo gauge) by the implicit
function theorem to a perturbed geodesic flow and thus, by the uniqueness property
of Rε,b, it is in the image of this map which is a contradiction. In the last section
we will prove first the theorem 1.3, which follows easily from the definition 10.3 of
the map Rε,b and its surjectivity (theorem 15.1), and then the theorem 1.4.
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2. Geodesic flow
Every continuously differentiable map [Ξ] : S1 × R → Mg(P ) can be seen as
a connection Ξ = A + Ψdt + Φds ∈ A(P × S1 × R) which satisfies the following
conditions
FA = 0, ∂tA− dAΨ ∈ H1A, ∂sA− dAΦ ∈ H1A.(2.1)
In fact, for any [Ξ] we can choose a lift A : S1 × R → A0(P ); the second and the
third condition of (2.1) yield to unique 0-forms Ψ(t, s),Φ(t, s) ∈ Ω0(P, gP ). One can
also consider Φ to have an exponential convergence as |s| → ∞ (cf. [5]). The con-
nection Ξ is clearly not uniquely defined, but for every two connections Ξ1 and Ξ2
with the above properties there is a map u ∈ G0(P ×S1×R) such that u∗Ξ1 = Ξ2,
the existence and the uniqueness of u follow from the definition of Mg(P ) and
from the equivariance of the conditions (2.1). The gauge group G0
(
P × S1 × R) is
defined as the set of smooth maps g : S1 × R→ G0(P ).
Furthermore, [Ξ] is a heat flow between the perturbed geodesics Ξ± ∈ CritbEH ,
b ∈ R, if it satisfies the flow equation for the functional EH , i.e.
∂sA− dAΦ− πA
(∇t (∂tA− dAΨ) + ∗Xt(A)) = 0,
lim
s→±∞
Ξ(s) = Ξ±
(2.2)
where ∇t := ∂t + [Ψ, ·] and the perturbation term Xt will be discussed in the next
section. Since
d∗A (∇t (∂tA− dAΨ) + ∗Xt(A)) =∇td∗A (∂tA− dAΨ) + ∗dAXt(A)
+ ∗ [(∂tA− dAΨ) ∧ ∗ (∂tA− dAΨ)] = 0,
we can write the first line of (2.2) as the pair of equations
∂sA− dAΦ−∇t (∂tA− dAΨ)− ∗Xt(A) + d∗Aω = 0,
dAd
∗
Aω = − [(∂tA− dAΨ) ∧ (∂tA− dAΨ)] + dA ∗Xt(A)
(2.3)
where ω(t, s) ∈ Ω2(Σ, gP ) is uniquely defined by the second condition which is
obtained deriving the first one by dA using the commutation formula (2.4) and
(2.1).
Lemma 2.1. We have the following two commutation formulas:
(2.4) [dA,∇t] = −[(∂tA− dAΨ) ∧ · ];
(2.5) [d∗A,∇t] = ∗[(∂tA− dAΨ) ∧ ∗ · ].
Proof. The lemma follows from the definitions of the operators using the Jacobi
identity for the super Lie bracket operator. 
The linearised operator for a heat flow Ξ is
D0(Ξ)(πA(α)) :=πA
(∇sπA(α)− 2[ψ0, (∂tA− dAΨ)]
−∇t∇tπA(α) − d ∗Xt(A)πA(α) + ∗[α ∧ ∗ω]
)(2.6)
for any α : S1 × R → Ω1(Σ, gP ) and where ∇s := ∂s + [Φ, ·] and ψ0 is defined
uniquely by d∗AdAψ0 = −2 ∗ [πA(α) ∧ ∗(∂tA − dAΨ)]. This last formula can be
obtained in the same way as the Jacobi operator for perturbed geodesics (cf. [8] or
[9]).
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3. Perturbation
In order to achieve the transversality we have to perturb the equations and for
this purpose we choose an abstract perturbation on L(Mg(P )).
First, we choose a perturbation V¯ : L(Mg(P ))→ R on the loop space ofM(P ).
We assume that V¯ satisfies the following condition (see condition (V4), section 2
of [13] or condition (V3), section 1 of [17]). For any two integers k > 0 and l ≥ 0
there is a constant c = c(k, l) such that
(3.1)
∣∣∇lt∇ks V¯(A)∣∣ ≤ c∑
kj ,lj
(
Πj,lj>0
∣∣∣∇ljt ∇kjs A∣∣∣)Πj,lj=0 (∣∣∇kjs A∣∣+ ∥∥∇kjs A∥∥Lpj )
for every smooth map A : R→ L(A0(P )) : s 7→ A(s, ·) 2 and every (s, t) ∈ R× S1;
here pj ≥ 1 and
∑
lj=0
1
pj
= 1; the sum runs over all partitions k1 + · · ·+ km = k
and l1 + · · ·+ lm ≤ l such that kj + lj ≥ 1 for all j. For k = 0 the same inequality
holds with an additional summand c on the right. In addition, ∇kjs A and ∇ljt A
should be interpreted as ∇kj−1s (∂sA− dAΦ) and ∇lj−1t (∂tA− dAΨ).
Using the results of Weber (cf. [17], theorem 1.13)we can consider the following.
For any regular value b of the energy functional EH there is a Banach manifold Ob
of perturbations V¯ that satisfy the above condition (3.1) and such that EH+V¯ have
the same critical loops as EH . Moreover there is a residual subset Obreg ⊂ Ob such
that the perturbed functional EH + V¯ is Morse-Smale below the energy level b if
V¯ ∈ Obreg. From now on all the computations are done using a generic perturbation
of this kind. Next, we define ∗Xt(A) ⊂ Ω1(Σ, gP ), A ∈ L(A0(P )), t ∈ S1, by
(3.2)
∫ 1
0
〈∗Xt(A), ∂sA0(t, 0)〉dt := d
ds
∣∣∣
s=0
(
V¯(A(s)) +
∫ 1
0
Ht(A(s))dt
)
for every smooth variation A(t, s) of A(t).
Furthermore, using the results of Weber (cf. [17], theorems 1.7, 1.8), for any
constant b there are positive constants c, ρ, c0, c1, c2, . . . such that the following
holds. If the connection Ξ = A + Ψdt + Φds satisfies (2.2) and EH(A(·, s)) ≤ b,
then for every s
(3.3) ‖∂tA− dAΨ‖L∞ + ‖∇t(∂tA− dAΨ)‖L∞ ≤ c,
(3.4) ‖∂sA− dAΦ‖L∞ + ‖∇t(∂sA− dAΦ)‖L∞ + ‖∇s(∂sA− dAΦ)‖L∞ ≤ c,
(3.5) ‖∂sA− dAΦ‖Ck(S1×[T,∞)) ≤ cke−ρT ,
(3.6) ‖∂sA− dAΦ‖Ck(S1×(−∞,−T ]) ≤ cke−ρT ,
for every T ≥ 1. Moreover [A] converges to a perturbed geodesic in C2(S1) as
s→ ±∞.
Next, we need to choose an extension V : L(A(P )/G0(P )) → R, V(A) = V¯(A)
for A ∈ L(A0(P )), such that V satisfies (3.1) for any smooth map A : R→ L(A(P )
2Ψ(t, s),Φ(t, s) ∈ Ω0(P, gP ) are uniquely defined by d
∗
A (∂tA− dAΨ) = 0 and
d∗A (∂sA− dAΦ) = 0.
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with ‖FA(s)‖L2(Σ) ≤ δ0 for every s ∈ R, where δ0 is chosen such that the lemmas
B.1 and B.2 hold for p = 2 and q = 4.
Another possibility is to extend V¯ in the following way. We choose a smooth map
ρ : [0,∞)→ [0, 1] with the property that ρ(x) = 0 if x ≥ δ0 and ρ(x) = 1 if x ≤ 2δ03 .
Next, we define V : L(A(P )/G0(P ))→ R by
(3.7) V(A) = ρ
(
sup
t∈S1
‖FA(t, s)‖L2
)
V¯ (A+ ∗dAη(A))
where η(A) is the unique 0-form, by lemma B.2, which satisfies
FA+∗dAη(A) = 0 ‖dAη(A)‖L4(Σ) ≤ c‖FA‖L2(Σ).
We define Xt(A) in the same way as in (3.2).
4. Yang-Mills flow
The Yang-Mills flow equations for A(s) + Ψ(s)dt ∈ A(P × S1) and for an ε-
independent metric are
∂sA− dAΦ+ d∗AFA −∇t (∂tA− dAΨ)− ∗Xt(A) = 0,
∂sΨ−∇tΦ− d∗A (∂tA− dAΨ) = 0
(4.1)
where Φ(t, s) ∈ Ω0(Σ, gP ) in order to make the equations gauge invariant. We can
consider the s-dependent connection A(s) + Ψ(s)dt together with the 0-form Φ as
a connection Ξ := A + Ψdt + Φds on the 4-manifold Σ × S1 × R. In our case we
shrink the metric on Σ by ε2 and therefore the adjoint of the exterior derivative dA
contribute with a factor 1ε2 to the flow equation and if we consider the flow lines
between two perturbed Yang-Mills connections Ξ± ∈ CritbEH we have the equation
∂sA− dAΦ + 1
ε2
d∗AFA −∇t (∂tA− dAΨ)− ∗Xt(A) = 0,
∂sΨ−∇tΦ− 1
ε2
d∗A (∂tA− dAΨ) = 0, lim
s→±∞
Ξ = Ξ±.
(4.2)
Another viewpoint to see the last equation is to consider (4.1) for the connection
(4.3) A˜(t, s) + Ψ˜(t, s)dt+ Φ˜(t, s)ds = A(εt, ε2s) + εΨ(εt, ε2s)dt+ ε2Φ(εt, ε2s)ds,
which is equivalent to (4.2) for (t, s) ∈ [0, 1ε ]× R.
5. Norms
We choose a reference connection Ξ := A + Ψdt + Φds ∈ A(Σ × S1 × R); let
ξ := α+ψdt+φds ∈ Ω1(Σ×S1×R, gP ), α(t, s), ψ(t, s), φ(t, s) ∈ Ωj(Σ, gP ), j = 0, 1,
then
‖α+ ψdt+ φds‖∞,ε := ‖α‖L∞ + ε‖ψ‖L∞ + ε2‖φ‖L∞ ,
‖α+ ψdt+ φds‖p0,p,ε :=
∫
S1×R
(
‖α‖pLp(Σ) + εp‖ψ‖pLp(Σ) + ε2p‖φ‖pLp(Σ)
)
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‖α+ ψdt+ φds‖p1,p,ε := ‖α+ ψdt+ φds‖p0,p,ε
+
∫
S1×R
(
‖d∗Aα‖pLp(Σ) + ‖dAα‖pLp(Σ) + εp‖∇tα‖pLp(Σ) + ε2p‖∇sα‖pLp(Σ)
)
dt ds
+
∫
S1×R
(
εp‖dAψ‖pLp(Σ) + ε2p‖∇tψ‖pLp(Σ) + ε3p‖∇sψ‖pLp(Σ)
)
dt ds
+
∫
S1×R
(
ε2p‖dAφ‖pLp(Σ) + ε3p‖∇tφ‖pLp(Σ) + ε4p‖∇sφ‖pLp(Σ)
)
dt ds,
‖α+ ψdt+ φds‖p1,2;p,ε := ‖α+ ψdt+ φds‖p1,p,ε
+
∫
S1×R
(
‖d∗AdAα‖pLp(Σ) + εp‖∇tdAα‖pLp(Σ)
)
dt ds
+
∫
S1×R
(
ε‖d∗A(dAψ −∇tα)‖pLp(Σ) + ε2‖∇t(dAψ −∇tα)‖pLp(Σ)
)
dt ds
(5.1)
where ∇t := ∂t + [Ψ, ·] and ∇s := ∂s + [Φ, ·]. The ε-dependent norms are created
using the following simple rule that is given from the linearisation Dε of the Yang-
Mills flow equations. For every ∇t and every 0-form ψ, which descends from a
1-form in the t-direction, we put an ε in front of the norm; for every ∇s and every
0-form φ, coming from a 1-form in the s-direction, we multiply by ε2. The definition
(5.1) contains, in the first line, all the 0-order Lp-norms and the Lp-norms of all
the first derivatives; in the last two lines we can find the Lp-norms of some second
derivatives. These can be interpreted in the following way. We split α+ψdt in two
orthogonal components αi+ψidt ∈ im dΞ and αk+ψkdt ∈ ker d∗εΞ ; on the one side,
if α+ ψdt ∈ ker d∗εA+Ψdt, then
ε‖d∗AdAψ − ε2∇t∇tψ‖Lp =ε‖d∗AdAψ −∇td∗Aα‖Lp
≤ε‖d∗A(dAψ −∇tα)‖Lp + ε‖[(∂tA− dAΨ) ∧ ∗α]‖Lp ,
‖dAd∗Aα− ε2∇t∇tα‖Lp =ε2‖dA∇tψ −∇t∇tα‖Lp
≤ε2‖∇t(dAψ −∇tα)‖Lp + ε2‖[(∂tA− dAΨ), ψ]‖Lp
and thus ε‖d∗AdAψ‖Lp , ε3‖∇t∇tψ‖Lp , ‖d∗AdAα‖Lp and ε2‖∇t∇tα‖Lp can be esti-
mates by ‖α + ψdt + φds‖1,2;p,ε as we will discuss in the section 7. On the other
side, if α+ ψdt = dAγ +∇tγdt, γ ∈ Ω0(Σ× S1 × R, gP ), then
d∗AdAα = d
∗
A[FA, γ], d
∗
A(dAψ −∇tα) = −d∗A[(∂tA− dAΨ), γ],
∇tdAα = ∇t[FA, γ], ∇t(dAψ −∇tα) = −∇t[(∂tA− dAΨ), γ];
therefore, under some extra conditions on the curvature FA − (∂tA − dAΨ)dt, for
example that FA = 0 and ∂tA − dAΨ is smooth, the last two lines of (5.1) can
be estimate with the first two if α + ψdt ∈ im dΞ. Thus, ‖ · ‖1,2;p,ε considers the
Lp-norm of ξ and of its derivatives, but the Lp-norm of the second derivatives in
the Σ × S1-directions only for the ker d∗εA+Ψdt-part of ξ. This orthogonal splitting
plays a fundamental role in the proof of the linear estimates of the section 7. Next,
we can define the Sobolev spaces
W 1,2;p :=W 1,2;p
(
Σ× S1 × R, T ∗(Σ× S1 × R)⊗ gP×S1×R
)
,
W 1,p :=W 1,p
(
Σ× S1 × R, T ∗(Σ× S1 × R)⊗ gP×S1×R
)
as the completion, respect to the norm ‖ · ‖1,2;p,1 and ‖ · ‖1,p,1, of the 1-forms
Ω1
(
Σ× S1 × R, gP×S1×R
)
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with compact support; we denote by W 1,2;p(Ξ−,Ξ+) (respectively W 1,p) the space
of all connections Ξ that satisfy Ξ − Ξ0 ∈ W 1,2;p (respectively Ξ− Ξ0 ∈ W 1,p) for
a smooth connection Ξ0 ∈ A(P ×S1×R) and the limit conditions lims→±∞ Ξ = Ξ±
(respectively without limit condition). Furthermore, we denote by G2,p0
(
P × S1 × R)
the completion of G0
(
P × S1 × R) with respect to the Sobolev W 1,p-norm on 1-
forms, i.e. g ∈ G2,p0
(
P × S1 × R) if g−1dΣ×S1×Rg ∈W 1,p and by G1,2;p0 (P × S1 × R)
the completion respect to the norm ‖ · ‖1,2;p,ε on the 1-forms. In addition, we de-
note by G¯1,2;20 (P × S1 × R) the gauge group such that an element g is locally in
G1,2;20
(
P × S1 × R), i.e. we allow also elements that do not vanish at ±∞. We
conclude this section proving the following Sobolev estimates.
Theorem 5.1 (Sobolev estimate). We choose 1 ≤ p, q < ∞. Then there is a
constant cS such that for any ξ ∈W 1,p, 0 < ε ≤ 1:
(1) If − 4q ≤ 1− 4p , then
(5.2) ‖ξ‖0,q,ε ≤ cSε 3q− 3p ‖ξ‖1,p,ε.
(2) If 0 < 1− 4p , then
(5.3) ‖ξ‖∞,ε ≤ cSε− 3p ‖ξ‖1,p,ε.
Proof. Analogously as for the lemma 4.1 in [7], we can define ξ¯ = α¯ + ψ¯dt + φ¯ds
by α¯(t, s) = α(εt, ε2s), ψ¯(t, s) = εψ(εt, ε2s) and φ¯(t, s) = ε2φ(εt, ε2s). Thus,
‖ξ‖1,p,ε = ε 3p ‖ξ¯‖W 1,p for 0 ≤ t ≤ ε−1, ε ∈ (0, 1]. Therefore the theorem follows
from the standard Sobolev’s inequality. 
6. Morse homologies
In this section we want to define the Morse homologies defined using the heat
flow and the Yang-Mills L2-flow. We start with the Morse homology of the loop
space on Mg(P ). First, we introduce the moduli spaces
M0(Ξ−,Ξ+) :={Ξ ∈ W 1,2;2(Ξ−,Ξ+); Ξ satisfies (2.1), (2.2)},
M¯0(Ξ−,Ξ+) :=M0(Ξ−,Ξ+)/PG∞
where
PG∞ := {g ∈ G1,2;20
(
P × S1 × R) ; ∃S > 0 such that for |s| ≥ S, g(s) = 1}.
Now, we choose a regular value b of the energy functional EH . In order to define
the Morse homology of the loop space LbMg(P ) in our Morse-Bott setting, where a
critical loop is an equivalence class [A+Ψdt] of perturbed geodesics with A+Ψdt ∈
CritbEH , we need to count the flow lines between the critical loops with Morse index
difference 1 in the following way. We define
[
CritbEH
]
:= CritbEH/G0(P × S1) and
we consider the space of flow lines between two loops γ± ∈
[
CritbEH
]
:
FL0(γ−, γ+) = {Ξ ∈W 1,2;2(Ξ−,Ξ+); Ξ satisfies (2.1), (2.2), [A±] = γ±}
and thus the moduli space
M0(γ−, γ+) := FL0(γ−, γ+)/G¯1,2;20 (P × S1 × R);
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then we organise the critical loops of [CritbEH ] in a chain complex where
CE
H ,b
k := ⊕γ∈[Critb
EH
],index
EH
(γ)=kZ2γ
and the boundary operator ∂E
H
k : C
EH ,b
k → CE
H ,b
k−1 by
∂E
H
k γ− :=
∑
γ+∈CEH,bk−1
(
♯Z2
(M0(γ−, γ+)/R)) γ+.
If the functional EH satisfies the transversality condition, then ∂E
H
k+1∂
EH
k = 0 and
in this case we can define the Morse homology
(6.1) HM∗
(LbMg(P ),Z2) := ker ∂EH∗ /im ∂EH∗+1.
As we have already mentioned, by the work of Weber (cf. [17]), for a generic
perturbation, the transversality condition is satisfied and thus the Morse homology
of the loop space HM∗
(LbMg(P ),Z2) is well defined.
Remark 6.1. For any two perturbed geodesics γ± ∈ [CritbEH ] and any two repre-
sentatives Ξ± we can identify the moduli spaces M0(γ−, γ+) and M¯0(Ξ−,Ξ+), in
particular we have
♯Z2
(M0(γ−, γ+)/R) = ♯Z2 (M¯0(Ξ−,Ξ+)/R) .
Next, we define the Morse homology for the Yang-Mills case. First, we denote
by Mε(Ξ−,Ξ+) and by M¯ε(Ξ−,Ξ+) the moduli spaces
Mε(Ξ−,Ξ+) :={Ξ ∈ W 1,2;2(P × S1 × R); Ξ satisfies (4.2)},
M¯ε(Ξ−,Ξ+) :=Mε(Ξ−,Ξ+)/PG∞.
Also in this case we can define a Morse homology for
Aε,b (P × S1) /G0 (P × S1) ;
in order to do that we consider the chain complex CYM
ε,H ,b
k := ⊕θ∈[Critb
YMε,H
]Z2θ,
where
[CritbYMε,H ] := Crit
b
YMε,H/G0(Σ× S1),
with the boundary operator ∂YM
ε,H
k : C
YMε,H ,b
k → CYM
ε,H ,b
k−1 defined by
∂YM
ε,H
k θ− :=
∑
θ+∈CYMε,H,bk−1
♯Z2 (Mε(θ−, θ+)/R) θ+
where Mε(θ−, θ+) is the moduli space
Mε(θ−, θ+) := FLε(θ−, θ+)/G¯1,2;20 (P × S1 × R),
FLε(θ−, θ+) = {Ξ ∈W 1,2;2(Ξ−,Ξ+); Ξ satisfies (4.2), [Ξ±] = θ±}.
The functional YMε,H will inherits the transversality property of EH provided
that ε is small enough, in this case ∂YM
ε,H
k+1 ∂
YMε,H
k = 0 and thus we can define the
Morse homology
(6.2) HM∗
(Aε,b (P × S1) /G0 (P × S1) ,Z2) := ker ∂YMε,H∗ /im ∂YMε,H∗+1 .
12 RE´MI JANNER
Remark 6.2. Also in this case, for any two orbits of perturbed Yang-Mills con-
nections θ± ∈ [CritbYMε,H ] and any two representatives Ξ± ∈ CritbYMε,H we can
identify the moduli spaces Mε(θ−, θ+) and M¯ε(Ξ−,Ξ+); in particular we have
♯Z2 (Mε(θ−, θ+)/R) = ♯Z2
(M¯ε(Ξ−,Ξ+)/R) .
The aim of this paper is to show that the two Morse homologies (6.1) and (6.2)
are isomorph and we give the proof in the section 16. In order to do this we need
to show that there is a bijective map
Rb,ε :M0(Ξ−,Ξ+)→Mε
(T b,ε(Ξ−), T b,ε(Ξ+))
for each regular value b of EH , every pair Ξ−,Ξ+ ∈ CritbEH with index difference 1
and for ε sufficiently small; for this purpose, we will proceed in the following way.
In section 7 we will prove some linear estimates using the linear operator, for a
1-form ξ = α+ ψdt+ φds ∈ W 1,2;p
(6.3) Dε(Ξ)(ξ) := Dε1(Ξ)(ξ) +Dε2(Ξ)(ξ)dt +Dε3(Ξ)(ξ)ds
where the first two terms are the linearization of (4.2), i.e.
Dε1(Ξ)(ξ) :=∇sα− dAφ+
1
ε2
d∗AdAα+
1
ε2
∗ [α ∧ ∗FA]
−∇t∇tα+ dA∇tψ − 2[ψ, (∂tA− dAΨ)]− d ∗Xt(A)α,
Dε2(Ξ)(ξ) :=∇sψ −∇tφ+
2
ε2
∗ [α ∧ ∗(∂tA− dAΨ)]
− 1
ε2
∇td∗Aα+
1
ε2
d∗AdAψ.
(6.4)
and the third one is, for a fixed reference connection Ξ0 = A0 +Ψ0dt+Φ0ds,
(6.5) Dε3(Ξ)(ξ) := ∇Φ
0
s φ−
1
ε4
d∗A0α+
1
ε2
∇Ψ0t ψ.
The linear operator Dε(Ξ) can also be seen as the linearisation of the map
Fε(Ξ) := Fε1 (Ξ) + Fε2 (Ξ)dt+ Fε3 (Ξ)ds
where
Fε1 (Ξ) :=∂sA− dAΦ+
1
ε2
d∗AFA −∇t (∂tA− dAΨ) ,
Fε2 (Ξ) :=∂sΨ−∇tΦ−
1
ε2
d∗A (∂tA− dAΨ) ,
Fε3 (Ξ) :=∇Φ
0
s (Φ− Φ2)−
1
ε4
d∗A0(A−A2) +
1
ε2
∇Ψ0t (Ψ −Ψ2)
(6.6)
and A2+Ψ2dt+Φ2ds := Kε2(A0+Ψ0dt+Ψ0ds); we will discuss the map Kε2 in the
section 9.
After computing some quadratic estimates in section 8, we will prove the ex-
istence and the local uniqueness of the map Rb,ε (section 10). In the following
sections 11, 12 and 13 we will prove some a priori estimates that we will use in the
section 15 in order to prove the surjectivity of Rb,ε. The section 14 is devoted to
prove the Coulomb gauge condition theorem.
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7. Linear estimates for the Yang-Mills flow operator
As we already mentioned, by the Weber’s regularity theorem (cf. [17], theorem
1.13), we can assume that the energy functional EH is Morse-Smale. In this section
we will prove a linear estimate, theorem 7.8, for the operator Dε(Ξ) for a perturbed
geodesic flow Ξ = A + Φdt + Ψds.The main idea is to divide the linear operator
respect to the orthogonal splitting kerd∗εA+Ψdt⊕im dA+Ψdt and to use different linear
estimates on the two parts. In order to investigate this we need to decompose,
in a unique way, every 1-form ξ = α + ψdt as (αk + ψkdt) + (αi + ψidt) where
1
ε2 d
∗
Aαk −∇tψk = 0 and αi + ψidt = dAγ +∇tγdt for a 0-form γ. Formally, first,
we solve the equation
(7.1)
1
ε2
d∗AdAγ −∇t∇tγ =
1
ε2
d∗Aα−∇tψ
which has a unique solution γ whose existence and uniqueness can be proved as in
the lemma 6.4 of [7]; then we define
(7.2) αi + ψidt := dAγ +∇tγdt, αk + ψkdt := (α+ ψdt)− (αi + ψidt)
and since the splitting is orthogonal,
(7.3) ‖dAγ +∇tγdt‖0,p,ε ≤ ‖α+ ψdt‖0,p,ε, ‖αk + ψkdt‖0,p,ε ≤ ‖α+ ψdt‖0,p,ε.
By definition and using the commutation formulas (2.4), (2.5) we have also that
dA∇tψk = 1
ε2
dAd
∗
Aαk,
dA∇tψi =∇t∇tαi − 2[(∂tA− dAΨ), ψi]− [∇t(∂tA− dAΨ), γ],
∇td∗Aαi =d∗A∇tdAγ + ∗[αi ∧ ∗(∂tA− dAΨ)]
=d∗AdAψi + ∗[αi ∧ ∗(∂tA− dAΨ)] + d∗A[(∂tA− dAΨ), γ]
=d∗AdAψi + 2 ∗ [αi ∧ ∗(∂tA− dAΨ)]− ∗[dA ∗ (∂tA− dAΨ), γ].
(7.4)
Now, we can write the components of the linear operator using this splitting. On
the one hand, the first component of Dε(Ξ)(ξ+φds), defined by (6.4), is, using the
identities (7.4),
Dε1(Ξ)(ξ + φds) =∇sαk +
1
ε2
d∗AdAαk +
1
ε2
dAd
∗
Aαk −∇t∇tαk
+∇sαi − dAφ− [∇t(∂tA− dAΨ), γ]
− 2[ψk, (∂tA− dAΨ)]− d ∗Xt(A)α;
in the other hand, using (7.4), the second component becomes
Dε2(Ξ)(ξ + φds) =∇sψk −∇t∇tψk +
1
ε2
d∗AdAψk +
2
ε2
∗ [αk ∧ ∗(∂tA− dAΨ)]
+∇sψi −∇tφ.
The third component is the easiest to investigate, because it depends only on αi +
ψidt and on φ:
Dε3(Ξ)(ξ + φds) = ∇sφ−
1
ε4
d∗Aα+
1
ε2
∇tψ = ∇sφ− 1
ε4
d∗Aαi +
1
ε2
∇tψi.
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Next, the idea is to consider Dε(Ξ)(ξ + φds) as the sum of the following three
operators
Dε,1(Ξ)(ξ + φds) :=∇sαk + 1
ε2
d∗AdAαk +
1
ε2
dAd
∗
Aαk − [ψk, (∂tA− dAΨ)]
−∇t∇tαk +
(
∇sψk −∇t∇tψk + 1
ε2
d∗AdAψk
)
dt
+
1
ε2
∗ [αk ∧ ∗(∂tA− dAΨ)] dt,
Dε,2(Ξ)(ξ + φds) :=∇sαi − dAφ+ (∇sψi −∇tφ) dt
+
(
∇sφ− 1
ε4
d∗Aα+
1
ε2
∇tψ
)
ds,
Restε(Ξ)(ξ + φds) :=− [∇t(∂tA− dAΨ), γ]− [ψk, (∂tA− dAΨ)]
− d ∗Xt(A)α + 1
ε2
∗ [αk ∧ ∗(∂tA− dAΨ)] dt
and to project them in to the two parts of the orthogonal splitting im dA+Ψdt ⊕
kerd∗εA+Ψdt. The result is that the important part of Dε,1(Ξ) lies in ker d∗εA+Ψdt and
that of Dε,2(Ξ) in im dA+Ψdt as is showed in the next lemma; in other words, we
interchange the operator Dε(Ξ) with the projection in the two parts of the splitting.
We recall that, by (3.3) and (3.4), we can assume that
(7.5) ‖∂tA− dAΨ‖L∞ + ‖∇t (∂tA− dAΨ)‖L∞ + ‖∂sA− dAΦ‖L∞ ≤ c0
for a positive constant c0.
Lemma 7.1. We choose b, p > 0. For any geodesic flow Ξ = A + Ψdt + Φds ∈
M0(Ξ−,Ξ+), Ξ± ∈ CritbEH , there exists a positive constant c such that∥∥Πim dA+ΨdtDε,1(Ξ)(ξ + φds)∥∥0,p,ε ≤ c (‖αk‖Lp + ‖ψk‖Lp + ‖∇tαk‖Lp) ,∥∥(1−Πim dA+Ψdt) (∇sαi − dAφ+ (∇sψi −∇tφ) dt)∥∥0,p,ε ≤ c‖αi‖Lp ,
ε2 ‖Restε(Ξ)(ξ + φds)‖0,p,ε ≤ cε ‖ξ‖0,p,ε
for all ξ + φds ∈ W 1,2;p and using the splitting ξ =: (αk + ψkdt) + (αi + ψidt)
defined by (7.1) and (7.2). We denote by Πim dA+Ψdt the projection in to the linear
subspace im dA+Ψdt.
Proof. First, we remark that
〈∇sαk + 1
ε2
d∗AdAαk, dAω〉+ ε2〈∇sψk,∇tω〉
= 〈∇s(d∗Aαk − ε2∇tψk), ω〉+
1
ε2
∗ [FA ∧ ∗dAαk]
+ 〈∗[(∂sA− dAΦ) ∧ ∗αk] + ε2[(∂sΨ− ∂tΦ + [Ψ,Φ]), ψk], ω〉
= 〈∗[(∂sA− dAΦ) ∧ ∗αk] + ε2[(∂sΨ− ∂tΦ+ [Ψ,Φ]), ψk], ω〉,
where we used the commutation formulas (2.5) and
(7.6) [∇s,∇t]ω = [(∂sΨ− ∂tΦ+ [Ψ,Φ]), ω]
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for any 0-form ω ∈ Ω0(Σ× S1 × R, gP ).
〈 1
ε2
dAd
∗
Aαk − dA∇tψk, dAω〉 = 0,
〈 1
ε2
∇td∗Aαk −∇t∇tψk,∇tω〉 = 0,
〈−∇t∇tαk, dAω〉+ 〈−d∗A∇tαk,∇tω〉 = − ∗ [(∂tA− dAΨ) ∧ ∗∇tαk], ω〉,
〈∇tdAψk, dAω〉+ 〈d∗AdAψk,∇tω〉
= 〈∗[(∂tA− dAΨ) ∧ ∗dAψk], ω〉 = 〈− ∗ [∗(∂tA− dAΨ) ∧ ψk], dAω〉
where for the last step we used that d∗A (∂tA− dAΨ) = 0. Next, we choose q such
that 1p +
1
q = 1. Then∥∥∥Πim dA+ΨdtDε,1(Ξ)(ξ + φds)∥∥∥
0,p,ε
≤ sup
ω∈Ω0(Σ×S1×R)
〈Dε,1(Ξ)(ξ + φds), dAω +∇tωdt〉
‖dAω +∇tωdt‖q
≤c (‖αk‖Lp + ε2‖ψk‖Lp + ‖∇tαk‖Lp) .
The last estimate follows directly from the next identities, from the Ho¨lder’s in-
equality, from ‖ω‖Lq ≤ c‖dAω‖Lq and from lemma 7.2. The second estimate of the
lemma follows from the identity
∇sαi − dAφ+ (∇sψi −∇tφ) dt = ∇sdAγ − dAφ+ (∇s∇tγ −∇tφ) dt
=dA+Ψdt (∇sγ − φ) + [(∂sA− dAΦ), γ]− [(∂tΦ− ∂sΨ− [Φ,Ψ]), γ] dt,
from the a priori estimate (7.5) and from ‖γ‖Lp ≤ c‖dAγ‖Lp = c‖αi‖Lp . The third
estimate follows directly from the definition of Restε and the L∞-bound (7.5) for
the curvature terms ∂tA− dAΨ, ∇t(∂tA− dAΨ). 
Lemma 7.2. We choose a regular value b of EH . There is a positive constant c such
that for any perturbed geodesic flow A+Ψdt+Φds ∈ M0(Ξ−,Ξ+), Ξ± ∈ CritbEH ,
(7.7) d∗AdA (∂sΨ−∇tΦ) = 2 ∗ [Bs ∧ ∗Bt],
(7.8) ‖∂sΨ−∇tΦ‖L∞ ≤ c
hold.
Proof. We define Bt = ∂tA − dAΨ und Bs = ∂sA − dAΦ then d∗ABt = d∗ABs = 0
and therefore
∇sd∗ABt = ∗ [Bs ∧ ∗Bt] + d∗A∇sBt = 0
∇td∗ABs = ∗ [Bt ∧ ∗Bs] + d∗A∇tBs
=− ∗[Bs ∧ ∗Bt] + d∗A∇tBs = 0
yields to d∗A∇tBs − d∗A∇sBt = 2 ∗ [Bs ∧ ∗Bt] where
d∗A∇tBs − d∗A∇sBt = d∗AdA (∇sΨ−∇tΦ− [Φ,Ψ]) .
Finally, we can finish the proof of the lemma, i.e.
d∗AdA (∂sΨ−∇tΦ) = d∗AdA (∇sΨ−∇tΦ− [Φ,Ψ]) = 2 ∗ [Bs ∧ ∗Bt].
Furthermore, for a positive constant c
‖∂sΨ−∇tΦ‖L∞ ≤ 8‖Bs‖L∞‖Bt‖L∞ ≤ c
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by (7.5). 
Theorem 7.3. We choose a regular value b of EH , then there are two positive
constants c and ε0 such that the following holds. For any Ξ = A + Ψdt + Φds ∈
M0(Ξ−,Ξ+), Ξ± ∈ CritbEH , any 1-form ξ = α + ψdt + φds ∈ W 1,2;p and for
0 < ε < ε0
(7.9) ‖ξ‖1,2;p,ε ≤ cε2 ‖Dε(Ξ)(ξ)‖0,p,ε + c‖πA(α)‖Lp ,
‖(1− πA)(ξ)‖1,2;p,ε ≤cε2 ‖Dε(Ξ)(ξ)‖0,p,ε + cε‖πA(α)‖Lp
+ cε2‖∇sπA(α)‖Lp + cε2‖∇t∇tπA(α)‖Lp ,
(7.10)
‖(1− πA)α‖1,2;p,ε ≤cε2 (‖Dε(Ξ)ξ‖0,p,ε + ‖∇sπA(α)‖Lp + ‖πA(α)‖Lp)
+ cε2 (‖∇tπA(α)‖Lp + ‖∇t∇tπA(α)‖Lp) .
(7.11)
In order to prove the last statement we need the next two theorems that will be
proven in the subsections 7.1, 7.2.
Theorem 7.4. We choose a regular value b of EH , then there are two positive
constants c and ε0 such that the following holds. For any Ξ = A + Ψdt + Φds ∈
M0(Ξ−,Ξ+), Ξ± ∈ CritbEH , any 1-form3 α ∈ W 2,2,1;p, any 0-form ψ ∈ W 2,2,1;p
and for 0 < ε < ε0
‖α‖Lp + ‖dAα‖Lp + ‖d∗Aα‖Lp + ‖d∗AdAα‖Lp + ‖dAd∗Aα‖Lp
+ ε‖∇tα‖Lp + ε2‖∇t∇tα‖Lp + ε‖dA∇tα‖Lp + ε‖∇tdAα‖Lp
+ ε‖d∗A∇tα‖Lp + ε‖∇td∗Aα‖Lp + ε2‖∇sα‖Lp
≤c ∥∥(ε2∇s − ε2∇2t +∆A)α∥∥Lp + c‖πA(α)‖Lp ,
(7.12)
‖ψ‖Lp + ‖dAψ‖Lp + ‖d∗AdAψ‖Lp + ε‖∇tψ‖Lp + ε2‖∇t∇tψ‖Lp
+ ε‖dA∇tψ‖Lp + ε‖∇tdAψ‖Lp + ε2‖∇sα‖Lp
≤c ∥∥(ε2∇s − ε2∇2t +∆A)ψ∥∥Lp .
(7.13)
Theorem 7.5. We choose a regular value b of EH , then there are two positive
constants c and ε0 such that the following holds. For any Ξ = A + Ψdt + Φds ∈
M0(Ξ−,Ξ+), Ξ± ∈ CritbEH , any 1-form α+ψdt ∈W 1,1,1;p∩im dA+Ψdt, any 0-form
φ ∈ W 1,1,1;p and any 0 < ε < ε0
‖α‖Lp + ‖d∗Aα‖Lp + ε2‖∇sα‖Lp + ε‖∇tα‖Lp + ε‖ψ‖Lp + ε2‖∇tψ‖Lp
+ ε3‖∇sψ‖Lp + ε2‖φ‖Lp + ε2‖dAφ‖Lp + ε3‖∇tφ‖Lp + ε4‖∇sφ‖Lp
≤cε2 ‖∇sα− dAφ‖Lp + cε3 ‖∇sψ −∇tφ‖Lp
+ cε4
∥∥∥∥∇sφ− 1ε4 d∗Aα+ 1ε2∇tψ
∥∥∥∥
Lp
.
(7.14)
3A i-form γ, i = 0, 1, is an element of W j,l,k;p, if j derivatives of γ in the Σ-direction, l
derivatives in the S1-direction and k derivatives in the R direction are in Lp.
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Proof of theorem 7.3. By theorem 7.4 and the lemma 7.1
‖αk + ψkdt‖1,2;p,ε ≤c‖ε2∇sαk − ε2∇2tαk +∆Aαk‖Lp + c‖πA(α)‖Lp
+ cε‖ε2∇sψk − ε2∇2tψk + d∗AdAψk‖Lp
≤cε2 ∣∣∣∣(1−Πim dA+Ψdt)Dε(Ξ)(α + ψdt+ φds)∣∣∣∣0,p,ε
+ c‖πA(α)‖Lp + cε‖α‖Lp + cε2‖ψk‖Lp + cε2‖∇tαk‖Lp
and by theorem 7.5 and the lemma 7.1
‖αi + ψidt‖1,2;p,ε ≤cε2
∣∣∣∣Πim dA+ΨdtDε(Ξ)(α + ψdt+ φds)∣∣∣∣0,p,ε
+ cε2‖Dε3(Ξ)(α + ψdt+ φds)‖0,p,ε
+ cε‖α‖Lp + cε2‖ψk‖Lp + cε2‖∇tαk‖Lp ;
(7.15)
for ε small enough we can conclude therefore that
‖ξ‖1,2;p,ε ≤ cε2 ‖Dε(Ξ)(ξ)‖0,p,ε + c‖πA(α)‖Lp .
The second estimate of the theorem follows from (7.15) and
‖(1− πA)αk + ψkdt‖1,2;p,ε
≤c‖ε2∇s(1− πA)αk − ε2∇2t (1 − πA)αk +∆A(1− πA)αk‖Lp
+ cε‖ε2∇sψk − ε2∇2tψk + d∗AdAψk‖Lp
≤cε2 ∣∣∣∣(1−Πim dA+Ψdt)Dε(Ξ)(α + ψdt+ φds)∣∣∣∣0,2,ε + cε‖α‖Lp
+ cε2‖ψk‖Lp + cε2‖∇tαk‖Lp + cε2‖(∇s −∇t∇t)πA(ξ)‖Lp .
In order to prove the third estimate we need the following one. We choose q such
that 1p +
1
q = 1, then∣∣∣∣∣∣Πim dA+Ψdtd∗A∇tπA(α)dt∣∣∣∣∣∣
0,p,ε
≤ sup
γ∈Ω0
ε2〈d∗A∇tπA(α),∇tγ〉
‖dAγ +∇tγdt‖Lq
= sup
γ∈Ω0
ε2〈∇tπA(α), dA∇tγ〉
‖dAγ +∇tγdt‖Lq
= sup
γ∈Ω0
ε2〈∇tπA(α),∇tdAγ〉 − ε2〈∇tπA(α), [(∂tA− dAΨ), γ]〉
‖dAγ +∇tγdt‖Lq
≤ sup
γ∈Ω0
ε2‖∇t∇tπA(α)‖Lp‖dAγ‖Lq + cε2‖∇tπA(α)‖Lp‖γ‖Lq
‖dAγ +∇tγdt‖Lq
≤ε2‖∇t∇tπA(α)‖Lp + cε2‖∇tπA(α)‖Lp .
where the last inequality follows from the estimate ‖γ‖Lq ≤ c‖dAγ‖Lq . Thus, since
by (7.5)
ε2
∥∥Πim dA+ΨdtRestε(Ξ)(ξ + φds)∥∥0,p,ε ≤cε2‖α‖Lp + cε2‖ψ‖Lp + cε‖(1− πA)α‖Lp
+ c
∣∣∣∣Πim dA+Ψdtd∗A∇tπA(α)dt∣∣∣∣0,p,ε ,
‖αi + ψidt‖1,2;p,ε ≤cε2
∥∥Πim dA+ΨdtDε(ξ + φds)∥∥0,2,ε
+ cε2 ‖Dε3(ξ + φds)‖0,2,ε + cε2‖ψ‖Lp + cε2‖α‖Lp
+ cε2‖∇tπA(α)‖Lp + cε2‖∇t∇tπA(α)‖Lp ,
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‖αk − πA(α)‖1,2;p,ε ≤cε2
∥∥(1−Πim dA+Ψdt)Dε1((1− πA)ξ + φds)∥∥Lp
≤cε2 (‖Dε1(ξ + φds)‖Lp + ‖ψ‖Lp + ‖α‖Lp)
+ cε2 (‖∇sπA(α)‖Lp + ‖∇tπA(α)‖Lp + ‖∇t∇tπA(α)‖Lp)
and finally we can conclude that
‖(1− πA)α‖1,2;p,ε ≤cε2 (‖Dε(ξ)‖0,p,ε + ‖∇sπA(α)‖Lp + ‖πA(α)‖Lp)
+ cε2 (‖∇tπA(α)‖Lp + ‖∇t∇tπA(α)‖Lp) .

The next goal is to improve the theorem 7.3 in the sense that we want to estimate
the norms using only the operator Dε(Ξ) (theorem 7.8) and in order to do this we
need to use the properties of the geodesic flow (lemma 7.7). We define
ω(A) := dA (d
∗
AdA)
−1
(∇t(∂tA− dAΨ) + ∗Xt(A)).
Lemma 7.6. We choose a regular value b of EH , then there are two positive
constants c and ε0 such that the following holds. For any Ξ = A + Ψdt + Φds ∈
M0(Ξ−,Ξ+), Ξ± ∈ CritbEH , any 1-form ξ = α + ψdz + φds ∈ W 1,2;p and for
0 < ε < ε0
‖πA(Dε(Ξ)(ξ) + ∗[α, ∗ω(A)])−D0(Ξ)πA(ξ)‖Lp
≤c‖(1− πA)α+ ψdt‖Lp + c‖∇t(1 − πA)α‖Lp + ε2‖ψ‖Lp
+ cε2‖∇t∇tπA(α)‖Lp + cε2‖∇tπA(α)‖Lp + cε2‖πA(α)‖Lp
+ cε2‖∇sπA(α)‖Lp + cε2‖Dε2(Ξ)(ξ)‖Lp ,
(7.16)
‖πA((Dε(Ξ)∗(ξ) + ∗[α, ∗ω(A)])− (D0(Ξ))∗πA(ξ)‖Lp
≤c‖(1− πA)α+ ψdt‖Lp + c‖∇t(1− πA)α‖Lp + ε2‖ψ‖Lp
+ cε2‖∇t∇tπA(α)‖Lp + cε2‖∇tπA(α)‖Lp + cε2‖πA(α)‖Lp
+ cε2‖∇sπA(α)‖Lp + cε2‖(Dε2(Ξ))∗(ξ)‖Lp .
(7.17)
Proof. By definition we have that
πADε(Ξ)(ξ) :=πA (∇sα−∇t∇tα− 2[ψ, (∂tA− dAΨ)]− d ∗Xt(A)α) ,
D0(Ξ)(πA(ξ)) :=πA
(∇sπA(α)− 2[ψ0, (∂tA− dAΨ)]
−∇t∇tπA(α)− d ∗Xt(A)πA(α) + ∗[πA(α) ∧ ∗ω(A)]
)
where d∗AdAψ0 = −2 ∗ [πA(α) ∧ ∗(∂tA− dAΨ)]; therefore
‖πA(Dε(Ξ)(ξ) + ∗[α ∧ ∗ω])−D0(Ξ)πA(ξ)‖Lp
≤‖πA (∇s(1 − πA)α−∇t∇t(1− πA)α) ‖Lp + c‖(1− πA)α‖Lp
+ ‖πA (2[(ψ − ψ0), (∂tA− dAΨ)]) ‖Lp
≤c‖(1− πA)α‖Lp + c‖∇t(1− πA)α‖Lp + c‖ψ − ψ0‖Lp
where we used the commutation formula and the uniform L∞ bound of the curva-
tures in order to drop the derivative ∇s and a derivative ∇t. Next, we split the
1-form α+ψdt = (αk+ψkdt)+ (αi+ψidt) in the same way as (7.2). We can easily
remark that
‖αi + ψidt‖Lp + ‖αk + ψkdt‖Lp ≤ 2‖α+ ψdt‖Lp ,
‖αi + ψidt‖Lp ≤ ‖(1− πA)α+ ψdt‖Lp .
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Furthermore, since ‖ψi‖Lp ≤ c‖dAψi‖Lp , by the commutation formula
‖ψi‖Lp ≤‖(1− πA)α‖Lp + ‖∇tαi‖Lp
≤‖(1− πA)α‖Lp + ‖∇t(1− πA)α‖Lp + ‖d∗A∇t(1− πA)αk‖Lp
αk + ψkdt lies in the kernel of dA+Ψds, thus
≤‖(1− πA)α‖Lp + ‖∇t(1− πA)α‖Lp + ε2‖∇t∇tψk‖Lp
≤‖(1− πA)α‖Lp + ‖∇t(1− πA)α‖Lp
+ ε2‖∇t∇t(ψk − ψ0)‖Lp + ε2‖∇t∇tψ0‖Lp
by the definition of ψ0
≤‖(1− πA)α‖Lp + ‖∇t(1− πA)α‖Lp + ε2‖∇t∇t(ψk − ψ0)‖Lp
+ ε2‖∇t∇tπAα‖Lp + ε2‖πA(α)‖Lp + ε2‖∇tπA(α)‖Lp .
Moreover, the theorem 7.4 yields to
‖ψk − ψ0‖Lp + ε2‖∇t∇t(ψk − ψ0)‖Lp
≤c‖(ε2∇s − ε2∇t∇t + d∗AdA)(ψk − ψ0)‖Lp
by the definition of Dε2 and by lemma 7.1
≤cε2‖Dε2(Ξ)(α + ψdt)‖Lp + cε2‖∇t∇tψ0‖Lp
+ c‖(1− πA)α‖Lp + cε2‖∇sψ0‖Lp + cε2‖α‖Lp
+ cε2‖ψk‖Lp + cε2‖∇tα‖Lp + cε2‖∇t∇tπA(α)‖Lp
≤cε2‖Dε2(Ξ)(α + ψdt)‖Lp + cε2‖∇t∇tπA(α)‖Lp
+ c‖(1− πA)α‖Lp + cε2‖∇tπA(α)‖Lp + cε2‖πA(α)‖Lp
+ cε2‖∇sπA(α)‖Lp + cε2‖ψk‖Lp ,
where the last two steps follows from the definition of ψ0. Thus, by the last estimates
we can conclude that
‖πA(Dε(Ξ)(ξ) + ∗[α ∧ ∗ω])−D0(Ξ)πA(ξ)‖Lp
≤c‖(1− πA)α‖Lp + c‖∇t(1− πA)α‖Lp + cε2‖∇t∇tπA(α)‖Lp
+ cε2‖∇tπA(α)‖Lp + cε2‖πA(α)‖Lp + cε2‖∇sπA(α)‖Lp
+ cε2‖Dε2(Ξ)(α + ψdt)‖Lp + ε2‖ψ‖Lp
The second estimate of the lemma follows exactly in the same way. 
The following lemma was proved by Salamon and Weber in [13] (lemma D.7).
Lemma 7.7. Assume EH is Morse-Smale and let Ξ = A+Ψdt+Φds ∈ M0(Ξ−,Ξ+),
Ξ± ∈ CritbEH . Then, for every p > 1, there is a constant c > 0 such that
(7.18) ‖α‖Lp + ‖∇sα‖Lp + ‖∇t∇tα‖ ≤ c‖D0(Ξ)∗(α)‖Lp ,
(7.19) ‖α‖Lp + ‖∇sα‖Lp + ‖∇t∇tα‖ ≤ c
(‖α− (D0(Ξ))∗(η)‖Lp + ‖D0(Ξ)(α)‖Lp)
for all compactly supported vector fields α, η ∈ H1A.
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Theorem 7.8. We choose a regular value b of EH , then there are two positive
constants c and ε0 such that the following holds. For any Ξ = A + Ψdt + Φds ∈
M0(Ξ−,Ξ+), Ξ± ∈ CritbEH , and any 0 < ε < ε0 the following estimates hold.
‖πA(α)‖1,2;p,1 ≤cε‖Dε(Ξ)(ξ)‖0,p,ε + c‖πA(Dε(Ξ)(ξ) + ∗[α, ∗ω(A)])‖Lp
+ c‖πA(ξ − (D0(Ξ))∗(πA(η)))‖Lp ,
(7.20)
‖(1− πA)ξ‖1,2;p,ε ≤cε2‖Dε(Ξ)(ξ)‖0,p,ε + cε‖πA(Dε(Ξ)(ξ) + ∗[α, ∗ω(A)])‖Lp
+ cε‖πA(ξ − (D0(Ξ))∗(πA(η)))‖Lp ,
(7.21)
‖(1− πA)α‖1,2;p,ε ≤cε2‖Dε(Ξ)(ξ)‖0,p,ε + cε2‖πA(ξ − (D0(Ξ))∗(πA(η)))‖Lp(7.22)
for all compactly supported 1-forms ξ, η ∈ W 1,2;p and 0 < ε ≤ ε0.
Proof. By theorem 7.3 and by lemma 7.7 we have that
‖ξ‖1,2;p,ε + ‖∇sπA(ξ)‖Lp + ‖∇tπA(ξ)‖Lp + ‖∇t∇tπA(α)‖Lp ≤ cε‖Dε(Ξ)(ξ)‖0,p,ε
+ c‖πA(α−D0(Ξ)∗(η))‖Lp + c‖D0(Ξ)(πA(α))‖Lp
and thus always by lemma 7.7 and by the last estimate
‖(1− πA)(ξ)‖1,2;p,ε ≤cε2‖Dε(Ξ)(ξ)‖0,p,ε + cε‖πA(α−D0(Ξ)∗(η))‖Lp
+ cε‖D0(Ξ)(πA(α))‖Lp ,
‖(1− πA)α‖1,2;p,ε ≤cε2‖Dε(Ξ)(ξ)‖0,p,ε + cε2‖πA(α−D0(Ξ)∗(η))‖Lp
+ cε2‖D0(Ξ)(πA(α))‖Lp .
Therefore, with the lemma 7.6 we obtain
‖ξ‖1,2;p,ε + ‖∇sπA(ξ)‖Lp + ‖∇t∇tπA(α)‖Lp
≤cε‖Dε(Ξ)(ξ)‖0,p,ε + c‖πA(Dε(Ξ)(ξ) + ∗[α, ∗ω])‖Lp
+ c‖πA(ξ − (Dε(Ξ))∗(η)− ∗[η, ∗ω])‖Lp
+
c
ε
‖(1− πA)ξ‖1,2;p,ε,
‖(1− πA)ξ‖1,2;p,ε ≤cε2‖Dε(Ξ)(ξ)‖0,p,ε + cε‖πA(Dε(Ξ)(ξ) + ∗[α, ∗ω])‖Lp
+ cε‖πA(ξ − (Dε(Ξ))∗(η) − ∗[η, ∗ω])‖Lp
+ c‖(1− πA)α‖1,2;p,ε,
‖(1− πA)α‖1,2;p,ε ≤cε2‖Dε(Ξ)(ξ)‖0,p,ε + cε2‖πA(Dε(Ξ)(ξ) + ∗[α, ∗ω])‖Lp
+ cε2‖πA(ξ − (Dε(Ξ))∗(η)− ∗[η, ∗ω])‖Lp
and thus the theorem follows combining these last three estimates.

In the same way as theorem 7.8 one can prove the following theorem.
Theorem 7.9. We choose a regular value b of EH , then there are two positive
constants c and ε0 such that the following holds. For any Ξ = A + Ψdt + Φds ∈
M0(Ξ−,Ξ+), Ξ± ∈ CritbEH , and any 0 < ε < ε0 the following estimates hold.
‖(1− πA)ξ‖1,2;p,ε + ε‖πA(α)‖1,2;p,1
≤cε2‖(Dε(Ξ))∗(ξ)‖0,p,ε + cε‖πA((Dε(Ξ))∗(ξ) + ∗[α, ∗ω(A)])‖Lp ,
(7.23)
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‖(1− πA)α‖1,2;p,ε ≤cε2‖(Dε(Ξ))∗(ξ)‖0,p,ε(7.24)
for all compactly supported 1-forms ξ ∈W 1,2;p and 0 < ε ≤ ε0.
7.1. Proof of the theorem 7.4. We will use the following criterion to prove our
estimates (cf. [18], theorem C.2).
Theorem 7.10 (Marcinkiewicz, Mihlin). Let m : Rn → C be a measurable function
that for some constant c0 satisfies
(7.25)
∣∣∣∣∣xi1xi2 ...xis ∂
sm
∂xi1∂xi2 ...∂xis
∣∣∣∣∣ ≤ c0
for all integers 0 ≤ s ≤ n and 1 ≤ i1 < i2 < ... < is ≤ n. We define Tm : L2(R2)→
L2(R2) by
Tmf := F−1(mF(f))
where f ∈ L2(R2) and F : L2(Rn,C) → L2(Rn,C) is the Fourier transformation
given by
(Ff)(y1, ..., yn) := 1
2π
∫ ∞
−∞
. . .
∫ ∞
−∞
e−i(y0x0+···+ynxn)f(x1, . . . , xn)dx1 . . . dxn
for f ∈ L2(Rn,C) ∩ L1(Rn,C). Then m is an Lp-multiplier for all 1 < p < ∞,
i.e. there exists a constant c such that whenever f ∈ Lp(Rn) ∩ L2(R2) then Tmf ∈
Lp(Rn) and
(7.26) ‖Tmf‖Lp ≤ c‖f‖Lp.
Corollary 7.11. For every p > 1 there is a positive constant c such that
‖∂su‖Lp +
n−1∑
i,j=0
∥∥∂xi∂xju∥∥Lp ≤ c
∥∥∥∥∥
(
∂s −
n−1∑
i=0
∂xi∂xi
)
u
∥∥∥∥∥
Lp
for every u ∈W 1,2,p0 (R× Rn) ∩W 1,2,20 (R× Rn).
Proof. We define f ∈ Lp(R×Rn) ∩ L2(R×Rn) by f =
(
∂s −
∑n−1
i=0 ∂xi∂xi
)
u and
thus
F(f) =
(
iσ +
n−1∑
i=0
y2i
)
F(u)
and therefore
F(∂su) = iσ
iσ +
∑n−1
i=0 y
2
i
F(f) =: ms(σ, y0, ..., yn−1)F(f),
F(∂xi∂xju) =
yiyj
iσ +
∑n−1
i=0 y
2
i
F(f) =: myi(σ, y0, ..., yn−1)F(f).
The multipliersms(σ, y0, ..., yn−1) andmyi(σ, y0, ..., yn−1) satisfy the condition (7.25)
and therefore we can apply the theorem 7.10 and conclude the proof. 
We denote dAd
∗
A + d
∗
AdA by ∆A.
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Lemma 7.12. We choose a connection A0 ∈ A0(P ), then there is a positive con-
stant c such that for any 0- or 1-form α with compact support:
‖∂sα‖Lp(Σ×R2) + ‖∂2t α‖Lp(Σ×R2) + ‖dA0d∗A0α‖Lp(Σ×R2)
+ ‖d∗A0dA0α‖Lp(Σ×R2) + ‖∂td∗A0α‖Lp(Σ×R2) + ‖∂tdA0α‖Lp(Σ×R2)
≤c ∥∥(∂s − ∂2t +∆A0)α∥∥Lp(Σ×R2) + c‖α‖Lp(Σ×R2)
+ c‖∂tα‖Lp(Σ×R2) + c‖dA0α‖Lp(Σ×R2) + c‖d∗A0α‖Lp(Σ×R2).
(7.27)
Proof. The previous corollary continues to holds if we consider a metric closed to
a constant metric. Therefore we can pick a finite atlas {R2 × Vi, ϕi : R2 × Vi →
R2×Σ}i∈I and a partition of the unity {ρi}i∈I ⊂ C∞(R2×Σ, [0, 1]),
∑
i∈I ρi(x) = 1
for every x ∈ R2 × Σ and supp(ρi) ⊂ ϕi(R2 × Vi) for any i ∈ I, and apply the
corollary 7.11 for (ρi ◦ ϕi)αi where αi is the local representations of α on R2 × Vi.
Summing all the estimates and considering the smooth constant connection A0(t, s)
we obtain (7.27). 
Lemma 7.13. We choose a flat connection A0 ∈ A0(P ), then there is a positive
constant c such that for any 0- or 1-form α with compact support:
ε2‖∂sα‖Lp(Σ×R2) + ε2‖∂2t α‖Lp(Σ×R2) + ‖dA0d∗A0α‖Lp(Σ×R2)
+ ‖d∗A0dA0α‖Lp(Σ×R2) + ε‖∂td∗A0α‖Lp(Σ×R2) + ε‖∂tdA0α‖Lp(Σ×R2)
≤cε2
∥∥∥∥
(
∂s − ∂2t +
1
ε2
∆A0
)
α
∥∥∥∥
Lp(Σ×R2)
+ c‖α‖Lp(Σ×R2)
+ cε‖∂tα‖Lp(Σ×R2) + c‖dA0α‖Lp(Σ×R2) + c‖d∗A0α‖Lp(Σ×R2)
(7.28)
Proof. The lemma follows from the previous lemma 7.12 using the rescaling α¯(t, s) :=
α(εt, ε2s) . 
Lemma 7.14. We choose a flat connection A0 ∈ A0(P ) and a constant c0, then
there is a positive constant c such that following holds. For any connection A ∈
A2,p(P × R2) which satisfies
(7.29) sup
(s,t)∈R2
(‖A(s, t)−A0‖C1 + ε‖∂tA‖L∞) ≤ c0
and for any 0- or 1-form α with compact support:
ε2‖∂sα‖Lp(Σ×R2) + ε2‖∂2t α‖Lp(Σ×R2) + ‖dAd∗Aα‖Lp(Σ×R2)
+ ‖d∗AdAα‖Lp(Σ×R2) + ε‖∂td∗Aα‖Lp(Σ×R2) + ε‖∂tdAα‖Lp(Σ×R2)
≤cε2
∥∥∥∥
(
∂s − ∂2t +
1
ε2
dAd
∗
A +
1
ε2
d∗AdA
)
α
∥∥∥∥
Lp(Σ×R2)
+ c‖α‖Lp(Σ×R2).
(7.30)
Proof. This lemma follow directly from the lemma 7.12 using the assumption (7.29)
and the lemma B.5. 
Lemma 7.15. We choose a regular value b of EH , then there is a positive constant
c such that the following holds. For any Ξ = A + Ψdt + Φds ∈ M0(Ξ−,Ξ+),
Ξ−,Ξ+ ∈ CritbEH , and any 0- or 1-form α ∈W 2,2,1;p
‖α‖Lp + ‖dAα‖Lp + ‖d∗Aα‖Lp + ‖d∗AdAα‖Lp + ‖dAd∗Aα‖Lp + ε‖∇tα‖Lp
+ ε2‖∇t∇tα‖Lp + ε2‖∇sα‖Lp + ε‖∇td∗Aα‖Lp + ε‖∇tdAα‖Lp
≤c ∥∥(ε2∇s − ε2∇2t +∆A)α∥∥Lp + c‖α‖Lp .
(7.31)
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Proof. We choose a finite atlas {Bi, ϕi : Bi → S1 × R}i∈I of S1 × R such that the
condition (7.29) is satisfied for every chart; we can cover the two ends of the cylinder
with two chart each because A(t, s) converges exponentially to A± as s→ ±∞ and
thus for s0 big enough
sup
(s,t)∈S1×[s0,∞)
(‖A(s, t)−A+‖C1 + ε‖∂tA‖L∞) ≤c0,
sup
(s,t)∈S1×(−∞,s0]
(‖A(s, t)−A−‖C1 + ε‖∂tA‖L∞) ≤c0.
Furthermore, we take a partition of the unity
∑
i∈N ρi(t, s) = 1, ρi(t, s) ∈ [0, 1] and
supp(ρi) ⊂ ϕ(Bi); next, collecting the estimate given by the lemma 7.14 on every
chart Bi×Σ for (ρi ◦ϕi)αi, where αi is the representation of α on Bi×Σ, we obtain
ε2‖∂sα‖Lp + ε2‖∂t∂tα‖Lp + ‖d∗AdAα‖Lp + ‖dAd∗Aα‖Lp
+ ε‖∂td∗Aα‖Lp + ε‖∂tdAα‖Lp
≤c ∥∥(ε2∂s − ε2∂2t +∆A)α∥∥Lp + c‖α‖Lp + cε2‖∂tα‖Lp .
(7.32)
Since ‖Ψ‖L∞ + ‖∂tΨ‖L∞ + ‖Φ‖L∞ ≤ c1, we have
ε2‖∇sα‖Lp + ε2‖∇t∇tα‖Lp + ‖d∗AdAα‖Lp + ‖dAd∗Aα‖Lp
+ ε‖∇td∗Aα‖Lp + ε‖∇tdAα‖Lp
≤c ∥∥(ε2∇s − ε2∇2t +∆A)α∥∥Lp + c‖α‖Lp
+ cε2‖∇tα‖Lp + cε‖d∗Aα‖Lp + cε‖dAα‖Lp .
(7.33)
The estimate (7.31) follows then from the lemmas B.4 and B.5. 
Lemma 7.16. We choose a regular value b of EH , then there are two positive
constants c and ε0 such that the following holds. For any Ξ = A + Ψdt + Φds ∈
M0(Ξ−,Ξ+), Ξ± ∈ CritbEH , any i-form ξ ∈ W 2,2,1;p, i = 0, 1 and 0 < ε < ε0∫
S1×R
‖ξ‖pL2(Σ) dt ds ≤c
∫
S1×R
‖ε2∂sξ − ε2∂2t ξ +∆Aξ‖pL2(Σ)dt ds
+ c
∫
S1×R
‖πA(ξ)‖pL2(Σ)dt ds.
(7.34)
Proof. In this proof we denote the norm ‖ · ‖L2(Σ) by ‖ · ‖. If we consider only the
Laplace part of the operator, we obtain that
∫
S1×R
‖ξ‖p−2〈ξ,−ε2∂2t ξ +∆Aξ〉ds dt
=
∫
S1×R
‖ξ‖p−2 (ε2‖∂tξ‖2 + ‖dAξ‖2 + ‖d∗Aξ‖2) ds dt
+
∫
S1×R
(p− 2)‖ξ‖p−4〈ξ, ∂tξ〉2ds dt
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and thus ∫
S1×R
‖ξ‖p−2 (ε2‖∂tξ‖2 + ‖dAξ‖2 + ‖d∗Aξ‖2) ds dt
≤
∫
S1×R
‖ξ‖p−2〈ξ,−ε2∂2t ξ +∆Aξ〉ds dt
=
∫
S1×R
‖ξ‖p−2〈ξ, ε2∂sξ − ε2∂2t ξ +∆Aξ〉ds dt
≤
∫
S1×R
‖ξ‖p−1‖ε2∂sξ − ε2∂2t ξ +∆Aξ‖ ds dt
≤
(∫
S1×R
‖ξ‖pds dt
) p−1
p
(∫
S1×R
‖ε2∂sξ − ε2∂2t ξ +∆Aξ‖pds dt
) 1
p
(7.35)
where the second step follows from
∫
S1×R
‖ξ‖p−2〈ξ, ∂sξ〉ds dt = 1
p
∫
S1×R
∂s‖ξ‖pds dt = 0,
the third from the Cauchy-Schwarz inequality and the fourth from the Ho¨lder’s
inequality. Therefore, by lemma B.3
∫
S1×R
‖ξ‖pds dt ≤
∫
S1×R
‖ξ‖p−2 (‖dAξ‖2 + ‖d∗Aξ‖2 + ‖πA(ξ)‖2) ds dt
by (7.35) we have that
≤
(∫
S1×R
‖ξ‖pds dt
) p−1
p
(∫
S1×R
‖ε2∂sξ − ε2∂2t ξ +∆Aξ‖pds dt
) 1
p
+
∫
S1×R
‖ξ‖p−1‖πA(ξ)‖ ds dt
and by the Ho¨lder’s inequality
≤
(∫
S1×R
‖ξ‖pds dt
) p−1
p
(∫
S1×R
‖ε2∂sξ − ε2∂2t ξ +∆Aξ‖pds dt
) 1
p
+
(∫
S1×R
‖ξ‖pds dt
) p−1
p
(∫
S1×R
‖πA(ξ)‖pds dt
) 1
p
;
thus, we can conclude that
∫
S1×R
‖ξ‖pds dt ≤ c
∫
S1×R
(‖ε2∂sξ − ε2∂2t ξ +∆Aξ‖p + ‖πA(ξ)‖p) ds dt.
and hence we finished the proof of the lemma. 
HEAT FLOW AND YANG-MILLS THEORY 25
Proof of theorem 7.4. By lemma B.3, for any δ > 0 there is a c0 such that
‖α‖pLp ≤δ (‖dAα‖pLp + ‖dA ∗ α‖pLp) + c0
∫
S1×R
‖α‖pL2dt ds
≤δ (‖dAα‖pLp + ‖dA ∗ α‖pLp) + c0c1
∫
S1×R
‖πA(α)‖pL2dt ds
+ c0c1
∫
S1×R
‖ε2∂sα− ε2∂2t α+∆Aα‖pL2dt ds
≤δ (‖dAα‖pLp + ‖dA ∗ α‖pLp) + c0c1c2‖πA(α)‖pLp
+ c0c1c2‖ε2∂sα− ε2∂2t α+∆Aα‖pLp
≤δ (‖dAα‖pLp + ‖dA ∗ α‖pLp) + c0c1c2‖πA(α)‖pLp
+ c0c1c2‖ε2∇sα− ε2∇2tα+∆Aα‖pLp + c3ε2‖Ψ‖L∞‖∇tα‖pLp
+ c3ε
2
(‖Ψ‖2L∞ + ‖∂tΨ‖L∞ + ‖Φ‖L∞) ‖α‖pLp
where the second step follows form the lemma 7.16 and the third by the Ho¨lder’s
inequality with c2 :=
(∫
Σ dvolΣ
) p−2
p . Therefore if we choose δ and ε small enough
we can improve the estimate (7.31) of the corollary 7.15 using the last estimate, i.e.
‖α‖Lp + ‖dAα‖Lp + ‖d∗Aα‖Lp + ‖d∗AdAα‖Lp + ‖dAd∗Aα‖Lp + ε‖∇tα‖Lp
+ ε2‖∇t∇tα‖Lp + ε‖∇tdAα‖Lp + ε‖∇td∗Aα‖Lp + ε2‖∇sα‖Lp
≤ ∥∥(ε2∇s − ε2∇2t +∆A)α∥∥Lp + c‖πA(α)‖Lp ,
because ‖Ψ‖L∞ + ‖∂tΨ‖L∞ + ‖Φ‖L∞ is bounded by a constant. Furthermore, the
terms ε‖dA∇tα‖Lp and ε‖d∗A∇tα‖Lp can be estimated by
dA∇tα‖Lp + ε‖d∗A∇tα‖Lp ≤ ε‖∇tdAα‖Lp + ε‖∇td∗Aα‖Lp + cε‖α‖Lp
using the commutation formulas and because the curvature ∂tA−dAΨ is bounded;
we proved therefore (7.12) and the second inequality of the theorem can be proved
in the same way. 
7.2. Proof of the theorem 7.5. Before proving the theorem we will show some
preliminary results, in fact the theorem 7.5 will then follow from the corollary 7.18
and the lemmas B.3 and 7.19.
Corollary 7.17. For every p > 1 there is a positive constant c such that the following
holds. For every two maps γ ∈ W 2,p0 (R4,R), φ ∈W 1,p0 (R4,R) we have that
‖∂sα1‖Lp + λ‖∂x1α1‖Lp + ‖∂sα2‖Lp + λ‖∂x2α2‖Lp + λ‖∂tα1‖Lp
+ λ‖∂tα2‖Lp + ‖∂sψ‖Lp + λ‖∂tψ‖Lp + ‖∂sφ‖Lp
+ ‖∂x1φ‖Lp + ‖∂x2φ‖Lp + ‖∂tφ‖Lp
≤c‖∂sα1 − ∂x1φ‖Lp + c‖∂sα2 − ∂x2φ‖Lp + c‖∂sψ − ∂tφ‖Lp
+ c‖∂sφ+ ∂x2α1 + ∂x1α2 + ∂tψ‖Lp + cλ‖∂sγ‖Lp ,
(7.36)
where α1 = ∂x1γ, α2 = ∂x2γ, ψ = ∂tγ and λ ∈ [0, 1].
Proof. In order to prove this corollary we need to apply the theorem 7.10 of
Marcinkiewicz and Mihlin stated in the previous subsection and in order to do
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this we have to define the multipliers and prove the assumption (7.25); therefore,
we look at the following system of equations
(7.37) f =


f1
f2
f3
f4

 :=


∂s 0 0 −∂x1
0 ∂s 0 −∂x2
0 0 ∂s −∂t
∂x1 ∂x2 ∂t ∂s




α1
α2
ψ
φ

 .
One can remark that the four lines of (7.37) correspond to the first four terms
in the Lp-norm in the right side of the estimate (7.36). Applying the Fourier
transformation to (7.36) we obtain
F(f) =


σi 0 0 −y1i
0 σi 0 −y2i
0 0 σi −τi
y1i y2i τi σi




F(α1)
F(α2)
F(ψ)
F(φ)


and thus computing its invers:
F(α1) =
−i (σ2 + y22 + τ2)
(σ2 + y12 + y22 + τ2)σ
F(f1) + iy2y1
(σ2 + y12 + y22 + τ2)σ
F(f2)
+
iτ y1
(σ2 + y12 + y22 + τ2)σ
F(f3) + −iy1
σ2 + y12 + y22 + τ2
F(f4),
F(φ) = iy1
σ2 + y12 + y22 + τ2
F(f1) + iy2
σ2 + y12 + y22 + τ2
F(f2)
+
iτ
σ2 + y12 + y22 + τ2
F(f3) + −iσ
σ2 + y12 + y22 + τ2
F(f4),
and then
F(∂sα1) = σ
2 + y2
2 + τ2
σ2 + y12 + y22 + τ2
F(f1) + −y2y1
σ2 + y12 + y22 + τ2
F(f2)
+
−τ y1
σ2 + y12 + y22 + τ2
F(f3) + y1σ
σ2 + y12 + y22 + τ2
F(f4),
F(∂sφ) = −y1σ
σ2 + y12 + y22 + τ2
F(f1) + −y2σ
σ2 + y12 + y22 + τ2
F(f2)
+
−τσ
σ2 + y12 + y22 + τ2
F(f3) + σ
2
σ2 + y12 + y22 + τ2
F(f4).
The formulas for F(α2) and for F(φ), respectively for F(∂sα2) and for ∂sF(φ),
are similar to that of F(α1), respectively to that of F(∂sα1). Since the multipliers
for F(∂sα1), F(∂sα2), F(∂sψ) and F(∂sφ) satisfy the assumption (7.25) of the
theorem 7.10, we can conclude that
‖∂sα1‖Lp + ‖∂sα2‖Lp + ‖∂sψ‖Lp + ‖∂sφ‖Lp + ‖∂x1φ‖Lp
+ ‖∂x2φ‖Lp + ‖∂tφ‖Lp + ‖∂x1α1 + ∂x2α2 + ∂tψ‖Lp
≤c‖∂sα1 − ∂x1φ‖Lp + c‖∂sα2 − ∂x2φ‖Lp + c‖∂sψ − ∂tφ‖Lp
+ c‖∂sφ+ ∂x2α1 + ∂x1α2 + ∂tψ‖Lp .
(7.38)
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Next, we use that α1 = ∂x1γ, α2 = ∂x2γ, ψ = ∂tγ and thus
‖∂sγ − (∂2x1 + ∂2x2 + ∂2t )γ‖Lp ≤‖(∂2x1 + ∂2x2 + ∂2t )γ‖Lp + ‖∂sγ‖Lp
≤‖∂x1α1 + ∂x2α2 + ∂tψ‖Lp + ‖∂sγ‖Lp.
Therefore by corollary 7.11, it follow that
λ‖∂x1α1‖Lp+λ‖∂x2α2‖Lp + λ‖∂tα1‖Lp + λ‖∂tα2‖Lp + λ‖∂tψ‖Lp
≤cλ‖∂sα1 − ∂x1φ‖Lp + cλ‖∂sα2 − ∂x2φ‖Lp + cλ‖∂sψ − ∂tφ‖Lp
+ cλ‖∂sφ+ ∂x2α1 + ∂x1α2 + ∂tψ‖Lp + cλ‖∂sγ‖Lp .
(7.39)
Therefore the theorem follows combining (7.38) and (7.38). 
Lemma 7.18. We choose a regular value b of EH , then there is a positive constant
c such that the following holds. For any Ξ = A + Ψdt + Φds ∈ M0(Ξ−,Ξ+),
Ξ± ∈ CritbEH , and any 1-form α+ ψdt = dA+Ψdtγ ∈ W 1,2;p ∩ im dA+Ψdt
‖α‖Lp + ‖d∗Aα‖Lp + ε2‖∇sα‖Lp + ε‖∇tα‖Lp + ε‖ψ‖Lp + ε2‖∇tψ‖Lp
+ ε3‖∇sψ‖Lp + ε2‖φ‖Lp + ε2‖dAφ‖Lp + ε3‖∇tφ‖Lp + ε4‖∇sφ‖Lp
≤cε2 ‖∇sα− dAφ‖Lp + cε3 ‖∇sψ −∇tφ‖Lp
+ cε4
∥∥∥∥∇sφ− 1ε4 d∗Aα+ 1ε2∇tψ
∥∥∥∥
Lp
+ c‖α‖Lp + cε2‖φ‖Lp .
(7.40)
Proof. In the same way that the lemma 7.15 follows from the corollary 7.11, the
corollary 7.17 implies
‖α‖Lp + ε2‖∇sα‖Lp + λ‖d∗Aα‖Lp + λε‖∇tα‖Lp + ε3‖∇sψ‖Lp + λε2‖∇tψ‖Lp
+ ε2‖φ‖Lp + ε4‖∇sφ‖Lp + ε2‖dAφ‖Lp + ε3‖∇tφ‖Lp
≤cε2‖∇sα− dAφ‖Lp + cε3‖∇sψ −∇tφ‖Lp + cλε2‖∇sγ‖Lp
+ cε4
∥∥∥∥∇sφ+ 1ε4 d∗Aα1 + 1ε2∇tψ
∥∥∥∥
Lp
+ c‖α‖Lp + cε2‖φ‖Lp
The term ε2‖∇sγ‖Lp can be estimate by cε2‖∇sα‖Lp+cε2‖α‖Lp by the lemma B.1
and the commutation formula and thus using the last estimate for λ = 0
ε2‖∇sγ‖Lp ≤cε2‖∇sα− dAφ‖Lp + cε3‖∇sψ −∇tφ‖Lp
+ cε4
∥∥∥∥∇sφ+ 1ε4 d∗Aα1 + 1ε2∇tψ
∥∥∥∥
Lp
+ c‖α‖Lp + cε2‖φ‖Lp .
Furthermore, by the lemma B.1 and the commutation formula
ε‖ψ‖Lp ≤ cε‖dAψ‖Lp ≤ c‖α‖Lp + cε‖∇tα‖Lp
and finally collecting the last thee estimates we obtain (7.40). 
Lemma 7.19. We choose a regular value b of EH and a δ > 0, then there are two
positive constants c and ε0 such that the following holds. For any Ξ = A + Ψdt +
Φds ∈M0(Ξ−,Ξ+), Ξ± ∈ CritbEH , any 1-form ξ := α+ψdt+φdt ∈W 1,1,1;p, where
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α+ ψdt ∈ im dA+Ψdt, and any 0 < ε < ε0∫
S1×R
‖ξ‖p−2L2(Σ)
(
‖α‖2L2(Σ) + ε4‖φ‖2L2(Σ)
)
dt ds
≤
∫
S1×R
(
c‖ε2∂sα− ε2dAφ‖pL2(Σ) + cεp‖ε2∂sψ − ε2∂tφ‖pL2(Σ)
)
dt ds
+
∫
S1×R
(
cε2p
∥∥∥∥ε2∂sφ− 1ε2 d∗Aα+ ∂tψ
∥∥∥∥
p
L2(Σ)
+ δ‖ξ‖pL2(Σ)
)
dt ds.
(7.41)
Proof. In this proof we denote the norm ‖ · ‖L2(Σ) by ‖ · ‖. We consider ξ =
α+ ψdt+ φds where α+ ψdt = dA+Ψdtγ and
ξ¯ = α¯+ ψ¯dt+ φ¯ds = Dξ =

 ε2∂s 0 −ε2dA0 ε2∂s −ε2∂t
− 1ε2 d∗A ∂t ε2∂s



 αψ
φ

 ;
thus D∗Dξ can be written in the following way
D∗ξ¯ =

 −ε2∂s 0 −ε2dA0 −ε2∂s −ε2∂t
− 1ε2 d∗A ∂t −ε2∂s



 ε2∂s 0 −ε2dA0 ε2∂s −ε2∂t
− 1ε2 d∗A ∂t ε2∂s



 αψ
φ


=

 −ε4∂2s + dAd∗A −ε2dA∂t ε4(∂sdA − dA∂s)∂td∗A −ε4∂2s − ε2∂2t 0
−d∗A∂s + ∂sd∗A 0 d∗AdA − ε2∂2t − ε4∂2s



 αψ
φ

 .
We define
B :=
1
2
‖d∗Aα− ε2∂tψ‖2 + ε4‖∂sα‖2 + ε6‖∂sψ‖2 + ε4‖dAφ‖2
+
1
2
(‖d∗Aα‖2 + ‖ε2∂tψ‖2)+ ε6‖∂tφ‖2 + ε8‖∂sφ‖2
Gp := ‖ε2∂sα− ε2dAφ‖p + εp‖ε2∂sψ − ε2∂tφ‖p + ε2p
∥∥∥∥ε2∂sφ− 1ε2 d∗Aα+ ∂tψ
∥∥∥∥
p
Using the partial integration we obtain
∫
S1×R
‖ξ‖p−2〈α, (−ε4∂2s + dAd∗A)α − ε2dA∂tψ〉dt ds
+
∫
S1×R
‖ξ‖p−2ε2〈ψ, (−ε4∂2s − ε2∂2t )ψ + ∂td∗Aα〉dt ds
+
∫
S1×R
‖ξ‖p−2ε4〈φ, (d∗AdA − ε2∂2t − ε4∂2s )φ〉dt ds
=
∫
S1×R
‖ξ‖p−2B dt ds
+ (p− 2)
∫
S1×R
‖ξ‖p−4 (〈α, ε2∂sα〉+ ε2〈ψ, ε2∂sψ〉+ ε4〈φ, ε2∂sφ〉)2 dt ds
+
∫
S1×R
‖ξ‖p−2ε2∂t〈ψ,−ε2∂tψ〉dt ds+
∫
S1×R
‖ξ‖p−2ε2〈dAψ, ∂tα〉dt ds
(7.42)
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whose last term, using that α+ ψdt = dAγ + ∂tγdt, can be estimate as follows∫
S1×R
‖ξ‖p−2ε2〈dAψ, ∂tα〉dt ds =
∫
S1×R
‖ξ‖p−2ε2〈dA∇tγ, ∂tdAγ〉dt ds
≥
∫
S1×R
‖ξ‖p−2ε2‖dAψ‖2 − cε2
∫
S1×R
‖ξ‖p−1(‖α‖+ ‖d∗Aα‖)dt ds.
(7.43)
Since the penultimate line of (7.42) is positive, (7.42) and (7.43) yield∫
S1×R
‖ξ‖p−2Bdt ds
≤
∫
S1×R
‖ξ‖p−2 (〈α, (D∗ξ¯)1〉+ ε2〈ψ, (D∗ξ¯)2〉+ ε4〈φ, (D∗ξ¯)3〉) dt ds
−
∫
S1×R
‖ξ‖p−2ε4 (〈α, [∂sA, φ]〉 − 〈φ, ∗[∂sA ∧ ∗α]〉) dt ds
+ cε2
∫
S1×R
‖ξ‖p−1(‖α‖+ ‖d∗Aα‖)dt ds
integrating by parts the first line after the inequality and using the Cauchy-Schwarz
inequality, we obtain
≤c
∫
S1×R
‖ξ‖p−2B 12 (‖ε2α¯‖+ ε‖ε2ψ¯‖+ ε2 ∥∥ε2φ¯∥∥) dt ds
+ cε2
∫
S1×R
‖ξ‖pdt ds+ cε2
∫
S1×R
‖ξ‖p−1‖d∗Aα‖ dt ds
Since 2ab ≤ a2 + b2 for any a, b ∈ R, choosing ε small enough
≤c
∫
S1×R
‖ξ‖p−2 (‖ε2α¯‖+ ε‖ε2ψ¯‖+ ε2 ∥∥ε2φ¯∥∥)2 dt ds
+
1
2
∫
S1×R
‖ξ‖p−2Bdt ds+ cε2
∫
S1×R
‖ξ‖pdt ds.
The last estimate implies that
1
2
∫
S1×R
‖ξ‖p−2B dt ds ≤ c
∫
S1×R
‖ξ‖p−2G2ds+ ε2
∫
S1×R
‖ξ‖pdt ds
≤c
(∫
S1×R
‖ξ‖pds
)1− 2
p
(∫
S1×R
Gpds
) 2
p
+ cε2
∫
S1×R
‖ξ‖pdt ds
≤c
∫
S1×R
Gpds+ δ
∫
S1×R
‖ξ‖pdt ds,
where in the second step we use the Ho¨lder’s estimate and in the third the estimate
ab ≤ arr + b
q
q ,
1
r +
1
q = 1, with r =
p
2 . Finally,∫
S1×R
‖ξ‖p−2 (‖α‖2 + ε4‖φ‖2) dt ds ≤ ∫
S1×R
‖ξ‖p−2 (‖d∗Aα‖2 + ε4‖dAφ‖2) ds
≤c
∫
S1×R
Gpds+ δ
∫
S1×R
‖ξ‖pdt ds
and thus the lemma is proved. 
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Proof of theorem 7.5. By lemma B.3, for any δ > 0 there is a positive constant c0
such that
‖α‖pLp + ε2p‖φ‖pLp ≤ δ
(‖dAα‖pLp + ‖d∗Aα‖pLp + ε2p‖dAφ‖pLp)
+ c0
∫
S1×R
(‖α‖pL2 + ε2p‖φ‖pL2) dt ds
since α = dAγ and the connection is flat on Σ, ‖dAα‖Lp vanishes. By the lemma
7.19 we have then
≤δ (‖d∗Aα‖pLp + ε2p‖dAφ‖pLp)
+ c0c1
∫
S1×R
(
‖ε2∂sα− ε2dAφ‖pL2(Σ) + εp‖ε2∂sψ − ε2∂tφ‖pL2(Σ)
)
dt ds
+
∫
S1×R
(
c0c1ε
2p
∥∥∥∥ε2∂sφ− 1ε2 d∗Aα+ ∂tψ
∥∥∥∥
p
L2(Σ)
+ δ‖ξ‖pL2(Σ)
)
dt ds
and by the Ho¨lder’s inequality with c2 =
(∫
Σ
dvolΣ
) p−2
p
≤δ (‖d∗Aα‖pLp + ε2p‖dAφ‖pLp + c2‖ξ‖pLp)+ c0c1c2ε2p‖∂sα− dAφ‖pL2
+ c0c1c2ε
3p‖∂sψ − ∂tφ‖pLp + c0c1c2ε4p
∥∥∥∥∂sφ− 1ε4 d∗Aα+ 1ε2 ∂tψ
∥∥∥∥
p
Lp
since ‖Ψ‖L∞ + ‖Φ‖L∞ ≤ c3, for c0c1c3εp ≤ δ
≤δ (‖d∗Aα‖pLp + ε2p‖dAφ‖pLp + 2c2‖ξ‖pLp)+ c0c1c2ε2p‖∇sα− dAφ‖pL2
+ c0c1c2ε
3p‖∇sψ −∇tφ‖pLp + c0c1c2ε4p
∥∥∥∥∇sφ− 1ε4 d∗Aα+ 1ε2∇tψ
∥∥∥∥
p
Lp
.
Therefore, the theorem follows from the lemma 7.18 and the last estimate choosing
δ small enough. 
8. Quadratic estimates
In this section we prove the following quadratic estimates.
Lemma 8.1. For any c0 > 0 there are two positive constants c and ε0 such that,
for any 0 < ε < ε0, the following holds. If two connections Ξ = A + Ψdt + Φds,
Ξ¯ = A¯+Ψ¯dt+Φ¯ds ∈W 1,p, with α¯+ψ¯dt+φ¯ds := Ξ−Ξ¯, satisfies ‖α¯+ψ¯dt‖∞,ε ≤ c0,
then
ε2
∥∥(Dε(Ξ)−Dε(Ξ¯))(α+ ψdt+ φds)∥∥
0,p,ε
≤c‖α¯+ ψ¯dt+ φ¯ds‖∞,ε‖α+ ψdt+ φds‖1,p,ε
+ c‖α+ ψdt+ φds‖∞,ε‖α¯+ ψ¯dt‖1,p,ε,
ε2
∥∥(Dε(Ξ)−Dε(Ξ¯))(α+ ψdt+ φds)∥∥
0,p,ε
≤c‖(1− πA)α¯+ ψ¯dt+ φ¯ds‖∞,ε‖α+ ψdt+ φds‖1,p,ε
+ c‖α¯+ ψ¯dt+ φ¯ds‖∞,ε‖(1− πA)α+ ψdt+ φds‖1,p,ε
+ c‖α+ ψdt+ φds‖0,p,ε (‖dAα¯‖L∞ + ‖d∗Aα¯‖L∞ + ε‖∇tα¯‖L∞)
+ c‖α+ ψdt+ φds‖0,p,ε
(
ε‖dAψ¯‖L∞ + ε2‖∇tψ¯‖L∞
)
,
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ε2
∣∣∣∣πA(Dε(Ξ) − λ ∗ [α ∧ ω(A)]−Dε(Ξ¯))(α+ ψdt+ φds)∣∣∣∣Lp
≤c‖α¯+ ψ¯dt+ φ¯ds‖∞,ε‖(1− πA)α+ ψdt+ φds‖1,p,ε + cε2‖α¯‖L∞‖α‖Lp
+ cε2‖ψdt‖Lp‖∇tα¯‖L∞ + cε2‖ψ¯‖L∞‖∇tα‖Lp + cε2‖∇tψ¯‖L∞‖α‖Lp
+ cε2
(‖φ¯‖L∞ + ‖α¯‖2L∞) ‖πA(α)‖Lp + c‖α‖L∞‖dAα¯− λε2ω(A)‖Lp ,
for any α+ ψdt+ φds ∈W 1,2;p and where λ ∈ {0, 1}.
Proof. The lemma can be proved directly estimating term by term the following
identities.(Dε1(Ξ)−Dε1(Ξ¯))(α+ ψdt+ φds) = [φ¯, α]− [α¯, φ]− 1ε2 [α¯, ∗dAα+ [α¯ ∧ α]]
+
1
ε2
∗
[
α, ∗
(
dAα¯+
1
2
[α¯ ∧ α¯]
)]
+
1
ε2
d∗A[α¯ ∧ α]−
[
ψ¯, (∇tα+ [ψ¯, α])
]
+ [α¯, (∇tψ + [ψ¯, ψ])] + dA[ψ¯, ψ]− 2[ψ, (∇tα¯− dAψ¯ − [α¯, ψ¯])]
−∇t[ψ¯, α]− (d ∗Xt(A) − d ∗Xt(A¯))α,
πA
(Dε1(Ξ)− 1ε2 ∗ [α, ∗ω(A)]−Dε1(Ξ¯))(α+ ψdt+ φds) = πA
(
[φ¯, α]− [α¯, φ]
− 1
ε2
[α¯, ∗dAα+ [α¯ ∧ α]]−
[
ψ¯, (∇tα+ [ψ¯, α])
]
+
1
ε2
∗
[
α, ∗
(
dAα¯− λε2ω(A) + 1
2
[α¯ ∧ α¯]
)]
+ [α¯, (∇tψ + [ψ¯, ψ])]
− 2[ψ, (∇tα¯− dAψ¯ − [α¯, ψ¯])]−∇t[ψ¯, α]− (d ∗Xt(A)− d ∗Xt(A¯))α
)
,
(Dε2(Ξ)−Dε2(Ξ¯))(α+ ψdt+ φds) = [φ¯, ψ]− [ψ¯, φ]− 1ε2 ∗ ∇t[α¯ ∧ ∗α]
− 2
ε2
∗ [α, ∗(∇tα¯− dAψ¯ − [α¯, ψ¯])] + 1
ε2
[ψ¯, (d∗Aα− ∗[α¯ ∧ ∗α])]
− ∗ 1
ε2
[α¯ ∧ ∗(dAψ + [α, ψ])] + 1
ε2
d∗A[α, ψ],(Dε3(Ξ)−Dε3(Ξ¯))(α+ ψdt+ φds) = [φ¯, φ] + ∗ 1ε4 [α¯ ∧ ∗α] + 1ε2 [ψ¯, ψ].

We choose a connection Ξ = A+Ψdt+Φds ∈ W 1,p and a 1-form ξ = α+ψdt+
φds ∈ W 1,2;p, then Fε(Ξ + ξ) = Fε(Ξ) + Dε(Ξ)(ξ) + Cε(Ξ)(ξ) and we denote by
Cε1(Ξ), Cε2(Ξ) and Cε3(Ξ) the three components of Cε(Ξ) = Cε1(Ξ)+Cε2(Ξ) dt+Cε3(Ξ) ds;
in this case we have the following estimates.
Lemma 8.2. For any c0 > 0 there are constants c > 0 and ε0 > 0 such that, for
any 0 < ε < ε0,
(8.1) ε2 ‖Cε(Ξ)(ξ)‖0,p,ε ≤ c‖ξ‖∞,ε‖ξ‖1,p,ε
ε2 ‖πA (Cε1(Ξ)(ξ))‖0,p,ε ≤c‖(1− πA)ξ‖∞,ε (‖(1− πA)α+ ψdt‖1,p,ε + ε‖∇tα‖Lp)
+ c‖πAα‖L∞‖(1− πA)α+ ψdt‖1,p,ε
+ c‖πAα‖L∞(‖πAα‖L∞ + ε2)‖πAα‖Lp
(8.2)
for any ξ := α+ψdt+φds ∈W 1,2;p and where we assume that ‖α+ψdt‖∞,ε ≤ c0.
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Proof. Also this lemma can be showed estimating term by term the identities:
Cε1(Ξ)(ξ) = [φ, α] − [α, φ] +
1
ε2
d∗A[α ∧ α]
− 1
ε2
∗ [α ∧ ∗(dAα+ [α ∧ α])] + 1
ε2
∗
[
α ∧ ∗
(
dAα+
1
2
[α ∧ α]
)]
− [ψ, (∇tα+ [ψ, α])]− 2[ψ, (∇tα− dAψ − [α, ψ])]
−∇t[ψ, α] + [α,∇tψ]− (∗Xt(A+ α)− ∗Xt(A)− d ∗Xt(A)α),
πA
(Cε1(Ξ)(ξ)) = πA([φ, α] − [α, φ]− [ψ, (∇tα+ [ψ, α])]
− 1
ε2
∗ [α ∧ ∗(dAα+ [α ∧ α])] + 1
ε2
∗
[
α ∧ ∗
(
dAα+
1
2
[α ∧ α]
)]
− 2[ψ, (∇tα− dAψ − [α, ψ])] −∇t[ψ, α] + [α,∇tψ]
− (∗Xt(A+ α)− ∗Xt(A)− d ∗Xt(A)α)
)
,
(8.3)
Cε2(Ξ)(ξ) = [φ, ψ]− [ψ, φ] +
2
ε2
∗ [α ∧ ∗(∇tα− dAψ − [α, ψ])]
− 1
ε2
[ψ, d∗Aα]−
1
ε2
∗ [α ∧ ∗(dAψ + [α, ψ])] + 1
ε2
d∗A[α, ψ],
(8.4)
Cε3(Ξ)(α + ψdt+ φds) = 0.

9. The map Kε2: A first approximation
In the next section, we will construct, using a Newton’s iteration, a perturbed
Yang-Mills flow Ξε ∈ Mε (T ε,b(Ξ−), T ε,b(Ξ+)) for any perturbed geodesic flow
Ξ0 ∈ M0 (Ξ−,Ξ+) and every pair of connections Ξ± ∈ CritbEHwith index difference
1, where b is a regular value of EH . For this purpose, we need to define a connection
Kε2(Ξ0) which is an approximate solution of the perturbed Yang-Mills flow equation.
Kε2(Ξ0) is constructed in two steps: First, we add to Ξ0 a 1-form αε0(s) + ψε0(s)dt
which satisfies the limit conditions lims→±∞ Ξ0 + αε0 + ψ
ε
0dt = T ε,b(Ξ±) and then
we add a second 1-form in order to have an approximated solution of the Yang-Mills
flow equations.
First, we recall that a connection Ξ0 := A0+Ψ0dt+Φ0ds descends to a flow line
between two perturbed geodesics Ξ± = A± + Ψ±dt when it satisfies the equations
(2.2) and (2.1), i.e.
∂sA
0 − dA0Φ0 − πA0
(∇t(∂tA0 − dA0Ψ0) + ∗Xs(A0)) = 0,
d∗A0(∂tA
0 − dA0Ψ0) = d∗A0(∂sA0 − dA0Φ0) = 0.
Next, we choose a smooth positive function θ such that θ(s) = 0 for s ≤ 1, θ(s) = 1
when s ≥ 2, 0 ≤ θ ≤ 1 and 0 ≤ ∂sθ ≤ c0 with c0 > 0. Thus, we define αε0 +ψε0dt as
αε0(s) + ψ
ε
0(s)dt :=θ(−s)g(s)−1(T ε,b(A− +Ψ−dt)− (A− +Ψ−dt))g(s)
+ θ(s)g(s)−1(T ε,b(A+ +Ψ+dt)− (A+ +Ψ+dt))g(s),
(9.1)
where g ∈ G0(P × S1 × R) satisfies
(9.2) g−1∂sg = Φ0, lim
s→−∞
g = 1;
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we introduce g in order to make the definition of Ξ0 + αε0 + ψ
ε
0dt gauge-invariant.
Lemma 9.1. We choose two constants b > 0, p > 2. There are positive constants
ε0, c such that the following holds. For every ε ∈ (0, ε0), every pair Ξ± := A± +
Ψ±dt ∈ CritbEH that are perturbed closed geodesics of index difference one, there
exists a unique equivariant map
Kε2 :M0(Ξ−,Ξ+)→W 1,2;p
(T ε,b(Ξ−), T ε,b(Ξ+))
such that for any Ξ0 := A0 + Ψ0dt + Φ0ds ∈ M0(Ξ−,Ξ+), with αε0 + ψε0dt and g
defined as in (9.1) and in (9.2),
(9.3) Kε2(Ξ0)− (Ξ0 + αε0 + ψε0dt) ∈ im d∗A0
and
1
ε2
d∗A0dA0
(Kε2(Ξ0)− (Ξ0 + αε0 + ψε0dt))
=d∗A0 (dA0d
∗
A0)
−1
dA0
(∇t(∂tA0 − dA0Ψ0) + ∗Xt(A0))
− θ(−s)d∗A0dA0g−1
(
dA−d
∗
A−
)−1 (
∇Ψ−t
(
∂tA− − dA−Ψ−
)
+ ∗Xt(A−)
)
g
− θ(s)d∗A0dA0g−1
(
dA+d
∗
A+
)−1 (
∇Ψ+t
(
∂tA+ − dA+Ψ+
)
+ ∗Xt(A+)
)
g
− θ(−s)d∗A0dA0πg−1(A−)g(αε0)− θ(s)d∗A0dA0πg−1(A+)g(αε0)
(9.4)
In addition, it satisfies
(9.5) ‖Kε2(Ξ0)− (Ξ0 + αε0 + ψε0dt)‖1,2;p,1 ≤ cε2,
(9.6) ‖Fε1 (Kε2(Ξ0))‖Lp ≤ cε2, ‖Fε2 (Kε2(Ξ0))‖Lp ≤ c.
Ξ−
Ξ+
Ξε−
Ξε+
Ξ0
αε− + ψ
ε
−dt
αε+ + ψ
ε
+dt
Ξ0 + αε0 + φ
ε
0dt
Kε2(Ξ0)
Figure 1. Situation of the lemma 9.1.
The critical points of our two functionals EH und YMε,H do not coincide and
therefore the difference Ξ−Ξ0 between a geodesic flow Ξ0 ∈ M0 (Ξ−,Ξ+) and any
connection Ξ which converges to T ε,b(Ξ±) as s goes to ±∞ can not be estimates
using the norm defined in the subsection 5. We need therefore another reference
connection in order to compute the norms and for this purpose we use Kε2(Ξ0).
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Proof of lemma 9.1. Kε2(Ξ0) is uniquely defined by (9.3) and (9.4) because FA0 = 0
and
d∗A0dA0 : im d
∗
A0Ω
2(Σ, gP )→ im d∗A0Ω2(Σ, gP )
is bijective. Furthermore, the lemma B.1, the commutation formulas (2.4), (2.5)
and the estimates of the geodesic flow (3.3)-(3.6) yield to (9.5). Therefore we need
only to prove (9.6).
We define Ξε1 := A
ε
1 +Ψ
ε
1dt+Φ
ε
1ds := Ξ
0 + αε0 + ψ
ε
0dt and we consider
A±(s) + Ψ±(s)dt =g(s)∗(A± +Ψ±dt),
α(s) + ψ(s)dt =θ(−s)((A0(s) + Ψ0(s)dt)− (A−(s) + Ψ−(s)dt))
+ θ(s)((A0(s) + Ψ0(s)dt)− (A+(s) + Ψ+(s)dt))
(9.7)
and
α¯ε1 :=θ(−s)
(
dA−d
∗
A−
)−1 (
∇Ψ−t
(
∂tA− − dA−Ψ−
)
+ ∗Xt(A−)
)
θ(s)
(
dA+d
∗
A+
)−1 (
∇Ψ+t
(
∂tA+ − dA+Ψ+
)
+ ∗Xt(A+)
)
.
(9.8)
Furthermore, we consider Aε2 + Ψ
ε
2dt + Φ
ε
2ds := Ξ
ε
1 + α
ε
1 := Kε2(Ξ0). If we look at
the expansion
Fε1
(Kε2(Ξ0)) =∂sAε2 − dAε2Φε2 + 1ε2 d∗Aε2FAε2
−∇Ψε2t (∂tAε2 − dAε2Ψε2)− ∗Xt(Aε2)
=∂sA
0 − dA0Φ0 − πA0
(∇t(∂tA0 − dA0Ψ0) + ∗Xs(A0))
+
(∇s −∇2t )αε1 − ∗Xt(A2) + ∗Xt(A0 + αε0)
− 1
ε2
∗
[
αε1 ∧ ∗
(
dA0α
ε
1 +
1
2
[αε1 ∧ αε1]
)]
+
1
2ε2
d∗A0 [α
ε
1 ∧ αε1]
+
1
ε2
d∗A0dA0α
ε
1 − (1 − πA0)
(∇t(∂tA0 − dA0Ψ0) + ∗Xt(A0))
+ F ε1 + F
ε
2 + F
ε
3
(9.9)
we remark that the second line vanishes because Ξ0 is a geodesic flow, the third
and the fourth can be estimates by cε2 because the ‖ · ‖1,2;p,1-norm of αε1 can be
estimated by the same factor by (9.5). The fifth line of (9.9) can be written by the
definitions as
− 1
ε2
d∗A0dA0 α¯
ε
1 − θ(−s)dA0dA0πA−(αε0)− θ(s)dA0dA0πA+(αε0).
Therefore we have that
∥∥Fε1 (Kε2(Ξ0))∥∥Lp ≤cε2 +
∥∥∥∥ 1ε2 d∗A0dA0(α¯ε1 + πA−(αε0) + πA+(αε0)) − F ε1
∥∥∥∥
Lp
+ ‖F ε2 ‖Lp + ‖F ε3 ‖Lp .
For this purpose, we need to investigate F ε1 , F
ε
2 and F
ε
3 . In order to simplify the
exposition we evaluate F εi (s) for s ≤ 0; for s > 0 the computation is the same, we
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only need to substitute A− + Ψ−dt with A+ + Ψ+dt and θ(−s) with θ(s). If we
denote ∂tA− − dA−Ψ− by B−t , we have
F ε1 :=
1
ε2
d∗A−
(
dA−α
ε
0 +
1
2
[αε0 ∧ αε0]
)
− [ψε0, B−t ]
− 1
ε2
∗
[
αε0 ∧
(
dA−α
ε
0 +
1
2
[αε0 ∧ αε0]
)]
− [ψε0, (∇Ψ−t αε0 − dA−ψε0 − [αε0, ψε0])]
−∇Ψ−t
(
∇Ψ−t αε0 − dA−ψε0 − [αε0, ψε0]
)
− ∗Xt(A− + αε0) + ∗Xt(A−)
− 1
ε2
∗ [α ∧ ∗dA−αε0]+ 1ε2 d∗A0 [α ∧ αε0]
and since T ε,b(Ξ−) is a perturbed Yang-Mills connection and by the definition of
αε0 + ψ
ε
0dt we get that
0 =θ(−s)
(
−∇Ψ−t B−t − ∗Xt(A−)
)
+
1
ε2
d∗A−
(
dA−α
ε
0 +
1
2
[αε0 ∧ αε0]
)
− 1
ε2
∗
[
αε0 ∧
(
dA−α
ε
0 +
1
2
[αε0 ∧ αε0]
)]
− [ψε0, B−t ]
− [ψε0, (∇Ψ−t αε0 − dA−ψε0 − [αε0, ψε0])]−∇Ψ−t
(
∇Ψ−t αε0 − dA−ψε0 − [αε0, ψε0]
)
− ∗Xt(A− + αε0) + ∗Xt(A−) + F ε[−2,0]
where F ε[−2,0] contain only quadratic terms with support in [−2, 0]. Therefore we
can write F ε1 in the following way by the definition of α¯
ε
1
F ε1 =θ(−s)
(
∇Ψ−t B−t + ∗Xt(A−)
)
+ F ε[−2,0]
− 1
ε2
∗ [α ∧ ∗dA−αε0]+ 1ε2 d∗A0 [α ∧ αε0]
=
1
ε2
d∗A0dA0(α¯
ε
1 + πA−(α
ε
0)) + F
ε
[−2,0]
− 1
ε2
∗ [α ∧ ∗dA−(αε0 − α¯ε1)]+ 1ε2 d∗A0 [α ∧ ((1− πA−)αε0 − α¯ε1)]
The two terms are
F ε2 :=−
1
ε2
∗
[
α ∧ ∗1
2
[αε0 ∧ αε0]
]
−
[
ψε0,
(
∇Ψ−t α− dA−ψ − [α, ψ]
)]
− [ψε0, [ψ, αε0]− [α, ψε0]]
−
[
ψ,
(
∇Ψ−t αε0 − dA0ψε0 − [αε0, ψε0]
)]
−∇t ([ψ, αε0]− [α, ψε0])
− ∗Xt(A0 + αε0) + ∗Xt(A− + αε0) + ∗Xt(A0)− ∗Xt(A−),
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F ε3 :=−∇t[ψε0, αε1]− [ψε0,∇tαε1]
− 1
ε2
∗
[
αε0 ∧ ∗
(
dA0α
ε
1 +
1
2
[αε1 ∧ αε1]
)]
+
1
ε2
d∗A0 [α
ε
0 ∧ αε1]
− 1
ε2
∗ [αε1 ∧ ∗ (dA0αε0 + [αε0 ∧ αε1])] .
This allows us to conclude that, by the a priori estimates (3.3)-(3.6),
∥∥Fε1 (Kε2(Ξ0))∥∥Lp ≤cε2 +
∥∥∥∥ 1ε2d∗A0dA0 α¯ε1 − F ε1
∥∥∥∥
Lp
+ ‖F ε2 ‖Lp + ‖F ε3 ‖Lp ≤ cε2
in order to see this we need that
‖dA−(αε0 − α¯ε1)‖Lp(Σ×S1) + ‖(1− πA−)αε0 − α¯ε1‖Lp(Σ×S1) ≤ cε4
which holds by the remark 1.2. The second Yang-Mills flow equation can be written
as
Fε2
(Kε2(Ξ0)) =∂sΨ2 −∇tΦ2 − 1ε2 d∗A2(∂tA2 − dA2Ψ2)
=∂sΨ
0 −∇tΦ0 − 1
ε2
d∗A0(∂tA
0 − dA0Ψ0)
+
1
ε2
∗ [(αε0 + α1) ∧ ∗(∂tA0 − dA0Ψ0)]
+
1
ε2
∗
[
(αε0 + α1) ∧ ∗
(
∇Ψ0t αε0 − dA0ψε0 − [αε0, ψε0]
)]
+
1
ε2
∗
[
(αε0 + α1) ∧ ∗
(
∇Ψ0t α1 − [α1, ψε0]
)]
+ d∗A0
(
(∂tA
2 − dA2Ψ2 − (∂tA0 − dA0Ψ0
)
and therefore by the lemma 7.2 and the identity d∗A0(∂tA
0 − dA0Ψ0) = 0∥∥Fε2 (Kε2(Ξ0))∥∥Lp ≤∥∥2 [(∂sA0 − dA0Φ0) ∧ ∗(∂tA0 − dA0Ψ0]∥∥Lp
+
c
ε2
‖αε0 + α1‖2,p,ε + ‖d∗A0dA0ψε0‖Lp ≤ c.

Theorem 9.2. We choose a regular value b of EH , p > 2, then there are two
positive constants c and ε0 such that the following holds. For any Ξ
0 ∈M0(Ξ−,Ξ+)
with Ξ± ∈ CritbEH the estimates
‖πA(ξ)‖1,2;p,1 ≤cε‖Dε(Kε2(Ξ0))ξ‖0,p,ε + c‖πADε(Kε2(Ξ0))ξ‖Lp ,
‖(1− πA)ξ‖1,2;p,ε ≤cε2‖Dε(Kε2(Ξ0))ξ‖0,p,ε + cε‖πADεKε2(Ξ0))ξ‖Lp ,
‖(1− πA)α‖1,2;p,ε ≤cε2‖Dε(Kε2(Ξ0))ξ‖0,p,ε + cε2‖πADεKε2(Ξ0))ξ‖Lp
(9.10)
hold for all compactly supported 1-form ξ = α + ψdt + φds ∈ W 1,2;p, η ∈ W 1,2;p,
ξ ∈ im (Dε(Kε2(Ξ0)))∗ and 0 < ε ≤ ε0.
Proof. By the theorem 1.1, by the remark 1.2 and by the Sobolev theorem A.1 we
have that
ε ‖(1− πA)αε0 + ψε0dt‖∞,ε + ‖dAαε0‖L∞ + ‖d∗Aαε0‖L∞ ≤ cε4−
1
p ,
ε‖ψε0‖L∞ + ε2‖∇tψε0‖L∞ ≤ cε3−
1
p , ‖∇tαε0‖L∞ + ‖πA(αε0)‖L∞ ≤ cε2;
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in addition, by the previous lemma 9.1 we know that∥∥Kε2(Ξ0)− (Ξ0 + αε0 + ψε0dt)∥∥1,2;p,1 ≤ cε2.
Thus by the quadratic estimates of the lemma 8.1, we obtain
ε2
∥∥(Dε (Kε2 (Ξ0))−Dε (Ξ0)) ξ∥∥0,p,ε
≤ε2 ∥∥(Dε (Kε2 (Ξ0))−Dε (Ξ0 + αε0 + ψε0dt)) ξ∥∥0,p,ε
+ ε2
∥∥(Dε (Ξ0 + αε0 + ψε0dt)−Dε (Ξ0)) ξ∥∥0,p,ε
≤cε2− 1p ‖ξ‖1,2;p,ε,
∥∥πA0 (Dε (Kε2 (Ξ0)) ξ −Dε (Ξ0) ξ − ∗[α, ∗ω(A0)])∥∥0,p,ε ≤ cε1− 1p ‖ξ‖1,2;p,ε(9.11)
where we used that
ω(A0) = dA0 (d
∗
A0dA0)
−1 (∇t (∂tA0 − dA0Ψ0)+ ∗Xt(A0))
and, with the notation of the proof of theorem 9.1,∥∥∥∥ 1ε2dA0 (Kε2(Ξ0)− Ξ0)− ω(A0)
∥∥∥∥
L∞
≤θ(−s)∥∥dA0 (T ε,b(Ξ−)− Ξ− − α¯ε1)∥∥L∞ + cθ(−s)∥∥πA0 (T ε,b(Ξ−)− Ξ−)∥∥L∞
+ θ(s)
∥∥dA0 (T ε,b(Ξ+)− Ξ+ − α¯ε1)∥∥L∞ + cθ(s)∥∥πA0 (T ε,b(Ξ+)− Ξ+)∥∥L∞
which is smaller than cε2. Furthermore, for ξ = (Dε(Kε2))∗η, η = η1 + η2dt+ η3ds,
we have by the lemmas 8.1 (for the adjoint operators) and 7.6 as well as by the
theorem 7.9 that
‖πA(ξ − (D0(Ξ0))∗(πA(η)))‖Lp
≤‖πA((Dε(Ξ0))∗(η)− ∗[η1 ∧ ∗ω(A0)]− (D0(Ξ0))∗(πA(η)))‖Lp + cε1− 1p ‖ξ‖0,p,ε
≤cε1− 1p ‖ξ‖0,p,ε.
(9.12)
The theorem follows then from the theorem 7.8 and the last computations. 
10. The map Rε,b between flows
In this section we will show that, for any pair Ξ0± ∈ CritEH , any geodesic flow
Ξ0 ∈ M0 (Ξ0−,Ξ0+) can be approximated by a Yang-Mills flow
Ξε ∈ Mε (T ε,b (Ξ0−) , T ε,b (Ξ0+))
provided that ε is small enough. In addition, Ξε will turn out to be the unique Yang-
Mills flow in a ball around Ξ0 of radius δε. Therefore we can define an injective map
Rε,b between the flows of the two functionals provided that we choose an energy
bound b for the critical connections and ε small enough.
Theorem 10.1 (Existence). We assume that the energy functional EH is Morse-
Smale and we choose two constants b > 0, p > 2. There are constants ε0, c >
0 such that the following holds. For every ε ∈ (0, ε0), every pair Ξ0± := A0± +
Ψ0±dt ∈ CritbEH that are perturbed closed geodesics of index difference one and
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δε
cε2Ξ0
existence
uniqueness
Figure 2. Existence and uniqueness.
every Ξ0 := A0 + Ψ0dt + Φ0ds ∈ M0(Ξ0−,Ξ0+), there exists a connection Ξε ∈
Mε (T ε,b (Ξ0−) , T ε,b (Ξ0+)) which satisfies
(10.1) d∗εΞ0
(
Ξε −Kε2
(
Ξ0
))
= 0, Ξε −Kε2
(
Ξ0
) ∈ im (Dε (K2 (Ξ0)))∗ ,
(10.2)
∥∥(1− πA0) (Ξε −Kε2 (Ξ0))∥∥1,2;p,ε + ε ∥∥πA0 (Ξε −Kε2 (Ξ0))∥∥1,2;p,1 ≤ cε3.
Theorem 10.2 (Local uniqueness). We choose p > 3. For every pair Ξ0± :=
A0± + Ψ
0
±dt ∈ CritbEH that are perturbed closed geodesics of index difference one,
every Ξ0 := A0 + Ψ0dt + Φ0ds ∈ M0 (Ξ0−,Ξ0+) and any c > 0 there are an ε0 > 0
and a δ > 0 such that the following holds. If Ξε, Ξ¯ε ∈ Mε (T ε,b (Ξ0−) , T ε,b (Ξ0+))
satisfy
d∗εΞ0
(
Ξε −Kε2
(
Ξ0
))
= d∗εΞ0
(
Ξ¯ε − Kε2
(
Ξ0
))
= 0,
Ξε −Kε2
(
Ξ0
)
, Ξ¯ε −Kε2
(
Ξ0
) ∈ im (Dε (Kε2 (Ξ0)))∗
and the estimates
(10.3)
∥∥Ξε −Kε2 (Ξ0)∥∥1,2;p,ε ≤ cε2,
(10.4)
∥∥Ξ¯ε − Kε2 (Ξ0)∥∥1,2;p,ε + ∥∥Ξ¯ε −Kε2 (Ξ0)∥∥L∞ ≤ δε,
then Ξ¯ε = Ξε.
Definition 10.3. We choose p > 3. For every regular value b > 0 of the energy EH
there are positive constants ε0, δ and c such that the assertion of the theorems 10.1
and 10.2 hold with these constants. Shrink ε0 such that cε0 + c0cε
1− 3
p
0 < δ, where
c0 is the constant of the Sobolev’s theorem 5.1. Theorems 10.1 and 10.2 assert that,
for every pair Ξ0± := A
0
± + Ψ
0
±dt ∈ CritbEH that are perturbed closed geodesics of
index difference one, every Ξ0 ∈ M0 (Ξ0−,Ξ0+) and every ε with 0 < ε < ε0, there
is a unique Ξε ∈Mε (T ε,b (Ξ0−) , T ε,b (Ξ0+)) satisfying
(10.5) d∗εΞ0
(
Ξε −Kε2
(
Ξ0
))
= 0, Ξε −Kε2
(
Ξ0
) ∈ im (Dε (K2 (Ξ0)))∗
and
(10.6)
∥∥Ξε −Kε2 (Ξ0)∥∥1,2;p,ε ≤ cε2.
We define the map
Rε,b :M0 (Ξ0−,Ξ0+)→Mε (T ε,b (Ξ0−) , T ε,b (Ξ0+))
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by Rε,b (Ξ0) := Ξε where Ξε ∈Mε (T ε,b (Ξ0−) , T ε,b (Ξ0+)) is the unique Yang-Mills
flow satisfying (10.5) and (10.5).
Proof of theorem 10.1. We choose Ξε2 := Kε2(Ξ0). By induction we define, for k ≥ 3,
Ξεk := Ξ
ε
k−1 + η
ε
k−1, η
ε
k = α
ε
k + ψ
ε
kdt+ φ
ε
kds, where ηk is defined by
(10.7) Dε(Kε2(Ξ0))(ηεk−1) = −Fε(Ξεk−1), ηεk−1 ∈ im (Dε(Kε2(Ξ0)))∗.
In addition, one can remark that
(10.8) Fε(Ξεk−1) = Fε(Ξεk−2) +Dε(Ξεk−2)(ηεk−2) + Cε(Ξεk−2)(ηεk−2).
By theorem 9.2 we have the estimate
‖(1− πA0)ηεk−1‖1,2;p,ε + ε‖πA(αεk−1)‖1,2;p,1
≤cε2‖Dε(Kε2(Ξ0))(ηεk−1)‖0,p,ε + cε
∥∥πA0(Dε(Kε2(Ξ0))(ηεk−1))∥∥Lp
=cε2‖Fε(Ξεk−1)‖0,p,ε + cε
∥∥πA0(Fε(Ξεk−1))∥∥Lp
where the last step follows from (10.7) and by (10.8) we obtain
ε2‖Fε(Ξεk−1)‖0,p,ε + cε
∥∥πA0(Fε(Ξεk−1))∥∥Lp
≤cε2‖Cε(Ξεk−2)(ηεk−2)‖0,p,ε + cε
∥∥πA0(Cε(Ξεk−2)(ηεk−2))∥∥Lp
+ cε2
∥∥(Dε(Ξεk−1)−Dε(Kε2(Ξ0))) ηεk−1∥∥0,p,ε
+ cε
∥∥πA0 (Dε(Ξεk−1)−Dε(Kε2(Ξ0))) ηεk−1∥∥Lp
and finally using the lemmas 8.1 and 8.2, we can conclude
≤c‖ηεk−2‖∞,ε‖αεk−2 + ψεk−2‖1,1;p,ε
+
c
ε
||(1− πA)αεk−2 + ψεk−2dt+ φεk−2ds‖∞,ε‖αεk−2 + ψεk−2dt‖1,p,ε
+
c
ε
‖πA(αεk−2)‖L∞‖(1− πA)αεk−2 + ψεk−2dt+ φεk−2ds‖1,p,ε
+
c
ε
‖πA(αεk−2)‖L∞(‖πA(αεk−2)‖L∞ + ε2)‖πA(αεk−2)‖Lp .
Next, by the estimates of lemma 9.1:
‖Fε1 (Kε2(Ξ0))‖Lp ≤ cε2, ‖Fε2 (Kε2(Ξ0))‖Lp ≤ c,
there is a positive constant c0 such that
‖(1− πA0)ηε2‖1,2;p,ε + ε‖πA(αε2)‖1,2;p,1 ≤ c0ε3.
Using the Sobolev’s theorem 5.1, one can easily see that, for ε small enough and
k > 3, by induction there are two positive constants c1, c such that
‖(1− πA0)ηε3‖1,2;p,ε + ε‖πA(αε3)‖1,2;p,1 ≤cε4−
3
p ,
‖(1− πA0)ηεk‖1,2;p,ε + ε‖πA(αεk)‖1,2;p,1 ≤2−(k−2)c0ε3,
ε2‖Fε(Ξεk)‖0,p,ε + ε ‖πA0(Fε(Ξεk))‖Lp ≤2−(k−2)c1ε3.
Therefore Fε(Ξk) converges to 0 and we can choose Ξε := K2(Ξ0)+
∑∞
k=2 η
ε
k. Then
Ξε −Kε2(Ξ0) ∈ im (Dε(Kε2(Ξ0)))∗, Fε(Ξε) = 0
and ∥∥(1− πA0) (Ξε −Kε2(Ξ0))∥∥1,2;p,ε + ε ∥∥πA0 (Ξε −Kε2(Ξ0))∥∥1,2;p,1 ≤ cε3.
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Since Fε(Ξε) = 0, by the definition of Fε3 , d∗εΞ0
(
Ξε −Kε2(Ξ0)
)
= 0 holds and thus
we concluded the proof of the theorem 10.1. 
Proof of theorem 10.2. First, we improve the estimate (10.4) and we show that
(10.9) ‖Ξ¯ε −Kε2(Ξ0)‖1,2;p,ε + ε‖πA0(Ξ¯ε −Kε2(Ξ0))‖1,2;p,1 ≤ cε3.
In order to fulfil this task, we consider the identity
(10.10) Dεi (Kε2(Ξ0))(Ξ¯ε −Kε2(Ξ0)) = −Cεi (Kε2(Ξ0))(Ξ¯ε −Kε2(Ξ0))− Fεi (Kε2(Ξ0))
then, by theorem 9.2
‖Ξ¯ε −Kε2(Ξ0)‖1,2;p,ε + ε‖πA0(Ξ¯ε −Kε2(Ξ0))‖1,2;p,1
≤cε2‖Dε(Kε2(Ξ0))(Ξ¯ε − Kε2(Ξ0))‖0,p,ε
+ cε‖πA0Dε(Kε2(Ξ0))(Ξ¯ε −Kε2(Ξ0))‖Lp
next, we can apply (10.10), i.e.
≤cε2‖Cε(Kε2(Ξ0))(Ξ¯ε −Kε2(Ξ0))‖0,p,ε
+ cε‖πA0Cε(Kε2(Ξ0))(Ξ¯ε −Kε2(Ξ0))‖Lp
+ cε2‖Fε(Kε2(Ξ0))‖0,p,ε + cε‖πA0Fε(Kε2(Ξ0))‖Lp
and the quadratic estimates (8.1) and (8.2):
≤cε3 + c‖Ξ¯ε − Kε2(Ξ0)‖∞,ε‖Ξ¯ε −Kε2(Ξ0)‖1,1;p,ε
+
c
ε
‖(1− πA0)(Ξ¯ε −Kε2(Ξ0))‖∞,ε‖(1− πA0)(Ξ¯ε −Kε2(Ξ0))‖1,1;p,ε
+ c‖(1− πA0)(Ξ¯ε −Kε2(Ξ0))‖∞,ε‖∇tπA0(Ξ¯ε − Kε2(Ξ0))‖Lp
+
c
ε
‖πA0(Ξ¯ε −Kε2(Ξ0))‖L∞‖(1− πA0)(Ξ¯ε −Kε2(Ξ0))‖1,1;p,ε
+
c
ε
‖πA0(Ξ¯ε −Kε2(Ξ0))‖2L∞‖πA0(Ξ¯ε −Kε2(Ξ0))‖Lp
+ cε‖πA0(Ξ¯ε −Kε2(Ξ0))‖L∞‖πA0(Ξ¯ε −Kε2(Ξ0))‖Lp
≤cε3 + cδ‖(1− πA0)(Ξ¯ε −Kε2(Ξ0))‖1,1;p,ε
+ cδε‖πA0(Ξ¯ε −Kε2(Ξ0))‖1,1;p,1
where the last inequality follows from the assumptions. Therefore for δ small enough
(10.9) holds. Furthermore, by (10.3) and (10.9), ‖Ξ¯ε−Ξε‖1,2;p,ε ≤ cε2. Thus, always
by theorem 9.2,
‖Ξε − Ξ¯ε‖1,2;p,ε + ε‖πA0(Ξε − Ξ¯ε)‖1,2;p,1
≤cε2‖Dε(Kε2(Ξ0))(Ξε − Ξ¯ε)‖0,p,ε + cε‖πA0Dε(Kε2(Ξ0))(Ξε − Ξ¯ε)‖Lp
and since Fε(Ξ¯ε)Fε(Ξε) = 0, Dεi (Ξ¯ε)(Ξε − Ξ¯ε) = −Cεi (Ξ¯ε)(Ξε − Ξ¯ε) and thus we
obtain
≤c (ε2‖Cεi (Ξ¯ε)(Ξε − Ξ¯ε)‖0,p,ε + ε‖πA0Cεi (Ξ¯ε)(Ξε − Ξ¯ε)‖Lp)
+ cε2‖(Dε(Ξ¯ε)−Dε(Kε2(Ξ0)))(Ξε − Ξ¯ε)‖0,p,ε
+ cε‖πA0(Dε(Ξ¯ε)−Dε(Kε2(Ξ0)))(Ξε − Ξ¯ε)‖Lp
≤cε1− 3p (‖(1− πA0)(Ξε − Ξ¯ε)‖1,1;p,ε + ε‖πA0(Ξε − Ξ¯ε)‖1,1;p,1)
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where the last inequality follows from the quadratic estimates of the lemmas 8.1
and 8.2. Hence for p > 3 and ε small enough Ξ¯ε = Ξε. 
11. A priori estimates for the Yang-Mills flow
In this section we will prove some a priori estimates, that will be stated in the-
orem 11.1, on the curvature for a perturbed Yang-Mills flow. These will then be
used to prove the surjectivity of the map Rε,b in the section 15.
In order to simplify the exposition we denote by ‖ ·‖ the L2-norm over Σ and we
introduce the following notation. We choose two perturbed Yang-Mills connections
Ξε± ∈ CritbYMε,H where b > 0. For any Yang-Mills flow Ξε := A + Ψdt + Φds ∈
Mε(Ξε−,Ξε+) we define
(11.1) Bt := ∂tA− dAΨ, Bs := ∂sA− dAΦ, C := ∂tΨ− ∂sΦ− [Ψ,Φ];
thus, the Yang-Mills flow equations (4.1) can be written as
(11.2) Bs +
1
ε2
d∗AFA −∇tBt − ∗Xt(A) = 0, C −
1
ε2
d∗ABt = 0;
with this notation, the Bianchi identities are
(11.3) ∇tFA = dABt, ∇sFA = dABs, ∇tBs −∇sBt = dAC
and the commutation formulas
(11.4) [∇t, dA] = Bt, [∇s, dA] = Bs, [∇s,∇t] = C.
Furthermore, we have the identity
(11.5) ‖Bs + C dt‖20,2,ε = YMε,H(Ξε−)− YMε,H(Ξε+)
which can be showed by the direct computation:
‖Bs + C dt‖20,2,ε =
∫
R
‖Bs + C dt‖20,2,ε ds
and by the Yang-Mills flow equations (4.1)
=
∫
R
∫
Σ×S1
〈Bs,− 1
ε2
d∗AFA +∇tBt + ∗Xt(A)〉dvolΣ dt ds
+
∫
R
∫
Σ×S1
〈C, d∗ABt〉dvolΣ dt ds
=
∫
R
∫
Σ×S1
(
− 1
ε2
〈dABs, FA〉 − 〈∇tBs, Bt〉
)
dvolΣ dt ds
−
∫
R
∂sH(A) ds+
∫
R
∫
Σ×S1
〈dAC,Bt〉dvolΣ dt ds
and by the Bianchi identity (11.3)
=−
∫
R
∫
Σ×S1
1
ε2
〈∇sFA, FA〉dvolΣ dt ds−
∫
R
∂sH(A) ds
−
∫
R
∫
Σ×S1
〈∇sBt, Bt〉dvolΣ dt ds
=YMε,H(A− +Ψ−dt)− YMε,H(A+ +Ψ+dt).
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Furthermore, we denote by a1i , i = 1, 2, 3, the three operators dA, d
∗
A and ε∇t, by
a2i , i = 1, . . . , 9, the nine operators defined combining two operators between dA, d
∗
A
and ε∇t, by a3i , i = 1, . . . , 27, the 27 operators defined combining three operators
between dA, d
∗
A, ε∇t and finally we denote by a4i , i = 1, . . . , 81, the 81 operators
defined combining four operators between dA, d
∗
A, ε∇t. In addition we denote by
Nj(t, s) the norms
Nj(t, s) :=
∑
i=1,...,3j
(
‖ajiBs‖2 + ε4‖ajiC‖2
)
.
Theorem 11.1. We choose an open interval Ω ⊂ R, a compact set Q ⊂ Ω, p > 4
and two constants b, c0 > 0. There are two positive constants ε0, c such that the
following holds. If a perturbed Yang-Mills flow Ξ = A+Ψdt+Φds ∈Mε(Ξ−,Ξ+),
with Ξ−,Ξ+ ∈ CritbYMε,H and 0 < ε < ε0, satisfies
(11.6) sup
(t,s)∈S1×R
(‖∂tA− dAΨ‖L4(Σ) + ‖∂sA− dAΦ‖L∞(Σ)) ≤ c0,
then
(11.7)
∫
S1×Q
(‖FA‖2 + ε2‖∇tFA‖2 + ‖d∗AFA‖2) dt ds ≤ cε4,
sup
S1×Q
(
ε2‖Bt‖2 + ‖d∗AdABt‖2 + ‖d∗AdAd∗ABt‖2
)
≤c
∫
S1×Ω
(
ε2‖Bs‖2 + ε2‖Bt‖2 + ‖FA‖2 + ε2cX˙t(A) + ε4‖C‖2
)
dt ds,
(11.8)
sup
S1×Q
(
ε2‖Bs‖2 + ‖d∗AdABs‖2 + ‖dAd∗ABs‖2
)
≤c
∫
S1×Ω
(
ε2‖Bs‖2 + ε2‖Bt‖2 + ‖FA‖2 + ε2cX˙t(A) + ε4‖C‖2
)
dt ds,
(11.9)
(11.10) sup
S1×Q
(‖FA‖+ ε‖∇tFA‖+ ε2‖∇t∇tFA‖) ≤ cε2,
(11.11) sup
(t,s)∈S1×R
‖FA‖L∞(Σ) ≤ cε2
where cX˙t(A) is a constant which estimates the norm ‖X˙t(A)‖2L∞(Σ). The constant
c depends on Ω and on Q, but only on their length and on the distance between
their boundaries. Furthermore,
sup
(t,s)∈S1×Q
(
ε2‖Bs‖2 + ε4‖C‖2 +N1 +N2 +N3 +N4
)
≤ε2c
∫
S1×Ω
(‖Bs‖2 + ε2‖C‖2) dt ds.(11.12)
Remark 11.2. In the theorem we assume that the L4(Σ)-norm of the curvature
term ∂tA − dAΨ and the L∞(Σ)-norm of ∂sA − dAΦ are uniformly bounded; this
condition is, for a Yang-Mills flow, always satisfied if we choose ε small enough as
we will see in section 12.
Before starting to prove the last theorem we consider the following three lemmas.
The first one show a regularity result for the curvature terms Bs, C. The last two
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are the lemmas B.1. and B.4. that Salamon and Weber proved in [13]. For an
interval Q ⊂ R and a 0- or 1-form α we define the norm ‖ · ‖1,2,2;2,ε,Q by
‖α‖21,2,2;2,ε,Q :=
∫
S1×Q
(‖α‖2 + ε4‖∇sα‖2 + ‖dAα‖2 + ‖d∗Aα‖2) dt ds
+
∫
S1×Q
(
ε2‖∇tα‖2 + ‖d∗AdAα‖2 + ‖dAd∗Aα‖2 + ε4‖∇t∇tα‖2
)
dt ds.
Lemma 11.3. We choose a positive constant b, then there are two positive con-
stants ε0, c such that the following holds. For any perturbed Yang-Mills flow
Ξ = A + Ψdt + Φds ∈ Mε(Ξ−,Ξ+), with Ξ−,Ξ+ ∈ CritbYMε,H and 0 < ε < ε0,
satisfies
‖Bs‖21,2,2;2,ε,R + ε2‖C‖21,2,2;2,ε,R ≤ c.
Proof. By the Yang-Mills flow equation (11.2), the Bianchi identity (11.3) and the
commutation formula (11.2) we have
0 =∇sBs + 1
ε2
∇sd∗AFA −∇s∇tBt −∇s ∗Xt(A)
=∇sBs + 1
ε2
d∗AdABs −∇t∇tBs −∇tdAC
− d ∗Xt(A)Bs − 1
ε2
∗ [Bs, ∗FA]− [C,Bt]
=∇sBs + 1
ε2
d∗AdABs −∇t∇tBs − dAd∗ABs
− d ∗Xt(A)Bs − 1
ε2
∗ [Bs, ∗FA]− 2[C,Bt],
0 =∇sC − 1
ε2
∇sd∗ABt
=∇sC + 1
ε2
d∗AdAC +
1
ε2
d∗A∇tBs +
1
ε2
∗ [Bs, ∗Bt]
=∇sC + 1
ε2
d∗AdAC +∇t∇tC +
2
ε2
∗ [Bs, ∗Bt].
Furthermore, choosing s0 ∈ R and a smooth cut-off function with support in [s0 −
1, s0 + 2] and with value 1 on [s0, s0 + 1], one can prove that, for Ω1(s0) := Σ ×
S1 × [s0 − 1, s0 + 2],
‖Bs‖21,2,2;2,ε,[s0,s0+1] + ε2‖C‖21,2,2;2,ε,[s0,s0+1]
≤ε4
∥∥∥∥∇sBs + 1ε2 d∗AdABs −∇t∇tBs + 1ε2dAd∗ABs
∥∥∥∥
2
L2(Ω1(s0))
+ ε6
∥∥∥∥∇sC + 1ε2 d∗AdAC +∇t∇tC
∥∥∥∥
2
L2(Ω1(s0))
+ ‖Bs‖2L2(Ω1(s0)) + ε2‖C‖2L2(Ω1(s0))
=
∥∥−ε2d ∗Xt(A)Bs − ∗[Bs, ∗FA]− 2ε2[C,Bt]∥∥2L2(Ω1(s0))
+ ε2 ‖∗[Bs, ∗Bt]‖2L2(Ω1(s0)) + ‖Bs‖
2
L2(Ω1(s0))
+ ε2‖C‖2L2(Ω1(s0))
≤‖Bs‖2L2(Ω1(s0)) + ε2‖C‖2L2(Ω1(s0))
+ cε‖Bs‖21,2,2;2,ε,[s0−1,s0+2] + ε3‖C‖21,2,2;2,ε,[s0−1,s0+2]
(11.13)
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In order to prove the last estimate we use the energy bound
∫
Σ×S1
(
1
ε2
‖FA‖2 + ‖Bt‖2
)
dt ≤ b
combined with the Sobolev inequality for 1-forms on Σ× S1: For example for the
term ‖∗[Bs, ∗Bt]‖2L2(Ω1(s0)) we proceed in the following way.
ε2 ‖∗[Bs, ∗Bt]‖2L2(Ω1) ≤ cε2
∫
[s0−1,s0+2]
‖Bt‖2L2(Σ×S1) ‖Bs‖2L∞(Σ×S1) ds
≤cε2
∫
[s0−1,s0+2]
‖Bs‖2L∞(Σ×S1) ds
≤cε2
∫
[s0−1,s0+2]
1
ε
(
‖Bs‖2L2(Σ×S1) + ‖d∗AdABs‖2L2(Σ×S1)
)
ds
+ cε2
∫
[s0−1,s0+2]
1
ε
(
‖dAd∗ABs‖2L2(Σ×S1) + ε4 ‖∇t∇tBs‖2L2(Σ×S1)
)
ds
≤cε‖Bs‖1,2,2;2,ε,[s0−1,s0+2].
Finally since
∞∑
i=0
ε
|i|
2
(
‖Bs‖21,2,2;2,ε,[s0+i,s0+i+1] + ε2‖C‖21,2,2;2,ε,[s0+i,s0+i+1]
)
≤
∞∑
i=0
ε
|i|
2
(
‖Bs‖2L2(Σ×S1×[s0+i−1,s0+i+2]) + ε2‖C‖2L2(Σ×S1×[s0+i−1,s0+i+2])
)
+ cε
∞∑
i=0
ε
|i|
2
(
‖Bs‖21,2,2;2,ε,[s0+i−1,s0+i+2] + ε2‖C‖21,2,2;2,ε,[s0+i−1,s0+i+2]
)
≤2‖Bs‖2L2(Ω1(s0)) + 2ε2‖C‖2L2(Ω1(s0))
+ cε
1
2
∞∑
i=0
ε
|i|
2
(
‖Bs‖21,2,2;2,ε,[s0+i,s0+i+1] + ε2‖C‖21,2,2;2,ε,[s0+i,s0+i+1]
)
,
we can conclude that
‖Bs‖21,2,2;2,ε,R + ε2‖C‖21,2,2;2,ε,R
≤
∑
s0∈Z
∞∑
i=0
ε
|i|
2
(
‖Bs‖21,2,2;2,ε,[s0+i,s0+i+1] + ε2‖C‖21,2,2;2,ε,[s0+i,s0+i+1]
)
≤5 ‖Bs‖2L2 + 5ε2‖C‖2L2 ≤ 5b
for ε small enough. 
Remark 11.4. We can prove that the curvature of a connection, which represents a
Yang-Mills flow, is smooth with an analogous argument as for the previous lemma.
Our connection satisfies the perturbed Yang-Mills equation and thus, by the Bianchi
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identity (11.3) and the commutation formula (11.3),
0 =dABs +
1
ε2
dAd
∗
AFA − dA∇tBt − dA ∗Xt(A)
=∇sFA + 1
ε2
dAd
∗
AFA −∇tdABt + [Bt ∧Bt]− dA ∗Xt(A)
=∇sFA + 1
ε2
dAd
∗
AFA −∇t∇tFA + [Bt ∧Bt]− dA ∗Xt(A),
0 =∇tBs + 1
ε2
∇td∗AFA −∇t∇tBt −∇t ∗Xt(A)
=∇sBt + dAC + 1
ε2
d∗A∇tFA −∇t∇tBt
− d ∗Xt(A)Bt − ∗X˙t(A)− 1
ε2
∗ [Bt, ∗FA]
=∇sBt + 1
ε2
dAd
∗
ABt +
1
ε2
d∗AdABt −∇t∇tBt
− d ∗Xt(A)Bt − ∗X˙t(A)− 1
ε2
∗ [Bt, ∗FA]
Thus in the same way as for the last lemma we can estimate all the first derivatives
of FA and Bt in a set Ωs0 := Σ×S1× [s0, s0+1], s0 ∈ R. Then, by a bootstrapping
argument one can prove that the curvature terms are in W k,2 for any k.
We denote by ∆ := ∂21 + ∂
2
2 + · · ·+ ∂2n the standard Laplacian on Rn, n > 0, and
we define Pr := (−r2, 0)×Br(0).
Lemma 11.5. For every n ∈ N there is a constant cn > 0 such that the following
holds for every r ∈ (0, 1]. If a ≥ 0 and w : R×Rn ⊃ Pr → R is C1 in the s-variable
and C2 in the x-variable such that
(11.14) (∆− ∂s)w ≥ −aw, w ≥ 0,
then
(11.15) w(0) ≤ cne
ar2
rn+2
∫
Pr
w.
Lemma 11.6. Let R, r > 0 and u : R × Rn ⊃ PR+r → R be C1 in the s-variable
and C2 in the x-variable and f, g : PR+r → R be continuous functions such that
(11.16) (∆− ∂s)u ≥ g − f, u ≥ 0, f ≥ 0, g ≥ 0.
Then
(11.17)
∫
PR
g ≤
∫
PR+r
f +
(
4
r2
+
1
Rr
)∫
PR+r\PR
u.
Proof of the theorem 11.1. The proof will be divided in seven steps. In the first
one we will prove that the L2-norm over Σ of FA can be bounded by any positive
constant provided we choose ε small enough. This allows us to apply the lemmas
B.1 and B.2 for p = 2. The next three steps provide bounds of the L2-norm over
Σ for some curvature terms (step 2), their derivatives (step 3) and their second
derivatives (step 4). In the last two steps we will prove the estimates (11.11) and
(11.10).
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Step 1. We choose a positive constant δ0 < 1. There is a constant ε0 > 0 such
that the following holds. If 0 < ε < ε0, then sup(t,s)∈S1×R ‖FA‖L2(Σ) ≤ δ0.
Proof of step 1. The idea is to use lemma 11.5 and therefore we need an estimate
from below of
(
∂2t − ∂s
) ‖FA‖2. First, using the Bianchi identity (11.3) in the second
and in the fourth equality, the commutation formula (11.4) in the third and the
Yang-Mills flow equation (11.2) in the fourth, we obtain that
1
2
(
∂2t − ∂s
)‖FA‖2 = ‖∇tFA‖2 + 〈FA,∇t∇tFA〉 − 〈FA,∇sFA〉
=‖∇tFA‖2 + 〈FA,∇tdABt〉 − 〈FA,∇sFA〉
=‖∇tFA‖2 + 〈FA, dA∇tBt〉+ 〈FA, [Bt ∧Bt]〉 − 〈FA,∇sFA〉
=‖∇tFA‖2 + 1
ε2
〈FA, dAd∗AFA〉+ 〈FA, dABs〉
− 〈FA, dA ∗Xt(A)〉 + 〈FA, [Bt ∧Bt]〉 − 〈FA, dABs〉
=‖∇tFA‖2 + 1
ε2
‖d∗AFA‖2 + 〈FA, [Bt ∧Bt]〉 − 〈d∗AFA, ∗Xt(A)〉;
(11.18)
therefore, applying the Cauchy-Schwarz inequality
|〈d∗AFA, ∗Xt(A)〉| ≤ c‖d∗AFA‖ ≤
1
2ε2
‖d∗AFA‖2 + 2c2ε2,
for any positive γ1 we have
1
2
(
∂2t − ∂s
) ‖FA‖2 ≥− ‖Bt‖2L4(Σ)‖FA‖ − cε2 ≥ − cγ1 ‖FA‖2 − γ1 − cε2
≥− c
γ1
(
‖FA‖2 + γ
2
1
c
− ε2γ1
)(11.19)
where c ≥ 1 depends on ‖Bt‖L4(Σ) and on ‖Xt‖L2(Σ). Thus, by lemma 11.5, for
every r ∈ (0, 1], Pr := (−r2, 0)×Br(0),
‖FA‖2 ≤c1e
c
γ1
r2
r3
∫
Pr
(
‖FA‖2 + γ
2
1
c
+ ε2γ1
)
dt ds
≤4c1e
c
γ1
r2bε2
r
+ 2c1e
c
γ1
r2
(
γ21
c
+ ε2γ1
)(11.20)
and where we use that
∫ 1
0
‖FA‖2dt ≤ 2bε2; next, we choose γ1 := δ0
2(c1e)
1
2
and
r =
(
γ1
c
) 1
2 , then ‖FA‖2 < 4
√
2c
5
4
1 c
1
2 e
5
4 bδ
− 12
0 ε
2 + 12δ
2
0 + (c1e)
1
2 δ0ε
2 and finally with
ε2 < 12
δ
5
2
0
4
√
2c
5
4
1 c
1
2 e
5
4 b+(c1e)
1
2 δ
3
2
0
, it follows that ‖FA‖L2(Σ) < δ0 and we end the proof
of the first step. 
For the rest of the proof we choose δ0 satisfying the condition of the theorems
B.1 and B.2 for p = 2.
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Step 2. There are two constants ε0, c > 0 such that the following holds. If
0 < ε < ε0, then
sup
(s,t)∈S1×Q
(‖FA‖2 + ε2‖Bt‖2 + ε2‖Bs‖2)
≤c
∫
S1×Ω
(
ε2‖Bt‖2 + ε2cX˙t + ‖FA‖2 + ε2‖Bs‖2 + ε4‖C‖2
)
dt ds,
∫
S1×Q
(‖FA‖2 + ε2‖∇tFA‖2 + ‖d∗AFA‖2) ≤ cε2
∫
S1×Ω
(‖FA‖2 + ε2‖Bt‖2) dt,
∫
S1×Q
(
ε2‖∇tBt‖2 + ‖dABt‖2 + ‖d∗ABt‖2
)
dt ds
≤c
∫
S1×Ω
(
‖FA‖2 + ε2‖Bt‖2 + ε2cX˙t(A)
)
dt ds,
∫
S1×Q
(
ε2‖∇tBs‖2 + ‖dABs‖2 + ‖d∗ABs‖2
)
dt ds
≤c
∫
S1×Ω
(‖FA‖2 + ε2‖Bs‖2 + ε2‖Bt‖2 + ε4‖C‖2) dt ds.
Proof of step 2. Analogously to the first step we need to compute 12
(
∂2t − ∂s
) ‖Bt‖2,
1
2
(
∂2t − ∂s
) ‖Bs‖2 and 12 (∂2t − ∂s) ‖C‖2 in order to apply the lemmas 11.5 and 11.6.
On the one hand, we consider the following computation
1
2
(∂2t − ∂s)‖Bt‖2 = ‖∇tBt‖2 − 〈∇sBt, Bt〉+ 〈∇t∇tBt, Bt〉
=‖∇tBt‖2 − 〈∇sBt, Bt〉+ 1
ε2
〈∇td∗AFA, Bt〉
+ 〈∇tBs, Bt〉 − 〈∇t ∗Xt(A), Bt〉
=‖∇tBt‖2 + 1
ε2
〈d∗A∇tFA, Bt〉+
1
ε2
〈∗[Bt, ∗FA], Bt〉
+ 〈dAC,Bt〉 − 〈d ∗Xt(A)Bt + X˙t(A), Bt〉
where for the second equality we use the Yang-Mills flow equation (11.2) and for
the third the commutation formula (11.4) and the Bianchi identity (11.3). By the
Yang-Mills flow equation (11.2) and the Bianchi identity (11.3) we finally obtain
that
=‖∇tBt‖2 + 1
ε2
‖dABt‖2 + 1
ε2
‖d∗ABt‖2 +
1
ε2
〈∗[Bt, ∗FA], Bt〉
− 〈d ∗Xt(A)Bt + X˙t(A), Bt〉.
Thus, since by the Cauchy-Schwarz inequality and the Sobolev estimate
|〈∗[Bt, ∗FA], Bt〉| ≤c (‖Bt‖+ ‖dABt‖+ ‖d∗ABt‖) ‖Bt‖L4(Σ)‖FA‖
≤cε2‖Bt‖2 + 1
ε2
‖FA‖2 + 1
2
‖dABt‖2 + 1
2
‖d∗ABt‖2
|〈d ∗Xt(A)Bt + X˙t(A), Bt〉| ≤ c‖Bt‖2 + ‖X˙t(A)‖2,
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we have (
∂2t − ∂s
) ‖Bt‖2 ≥‖∇tBt‖2 + 1
ε2
‖dABt‖2 + 1
ε2
‖d∗ABt‖2
− c
ε4
‖FA‖2 − c‖Bt‖2 − c‖X˙t(A)‖2.
(11.21)
On the other hand, using the Bianchi identity (11.3) in the second equality and the
commutation formula (11.4) in the third, it follows that
1
2
(∂2t − ∂s)‖Bs‖2 = ‖∇tBs‖2 + 〈Bs,∇t∇tBs〉 − 〈Bs,∇sBs〉
=‖∇tBs‖2 + 〈Bs,∇t∇sBt〉+ 〈Bs,∇tdAC〉 − 〈Bs,∇sBs〉
=‖∇tBs‖2 + 〈Bs,∇s∇tBt〉 − 〈Bs, [C,Bt]〉
+ 〈d∗ABs,∇tC〉+ 〈Bs, [Bt, C]〉 − 〈Bs,∇sBs〉
the next equality follows from the Yang-Mills flow equation (11.2) and the after one
from the commutation formula (11.4)
=‖∇tBs‖2 + 1
ε2
〈Bs,∇sd∗AFA〉 − 〈Bs,∇s ∗Xt(A)〉+ 〈Bs,∇sBs〉
− 2〈Bs, [C,Bt]〉+ 1
ε2
〈d∗ABs,∇td∗ABt〉 − 〈Bs,∇sBs〉
=‖∇tBs‖2 + 1
ε2
〈dABs,∇sFA〉 − 1
ε2
〈Bs, ∗[Bs, ∗FA]〉
− 〈Bs,∇s ∗Xt(A)〉 − 2〈Bs, [C,Bt]〉+ 1
ε2
〈d∗ABs, d∗A∇tBt〉
finally, applying the Bianchi identity (11.3) and the Yang-Mills flow equation (11.2)
one more time, we can conclude that
=‖∇tBs‖2 + 1
ε2
‖∇sFA‖ − 1
ε2
〈Bs, ∗[Bs, ∗FA]〉 − 〈Bs,∇s ∗Xt(A)〉
− 2〈Bs, [C,Bt]〉+ 1
ε2
〈d∗ABs, d∗ABs〉
+
1
ε4
〈d∗ABs, d∗Ad∗AFA〉+
1
ε2
〈d∗ABs, dAXt(A)〉
=‖∇tBs‖2 + 1
ε2
‖∇sFA‖+ 1
ε2
‖d∗ABs‖2 − 2〈Bs, [C,Bt]〉
− 1
ε2
〈Bs, ∗[Bs, ∗FA]〉 − 〈Bs, d ∗Xt(A)Bs〉
where we use that [FA, ∗FA] = 0 and dAXt(A) = 0. Thus, since ‖Bs‖L∞(Σ) is
bounded by a constant by the assumptions,(
∂2t − ∂s
) ‖Bs‖2 ≥‖∇tBs‖2 + 1
ε2
‖dABs‖2 + 1
ε2
‖d∗ABs‖2
− c
ε4
‖FA‖2 − c‖Bs‖2 − c‖Bt‖2 − ‖C‖2.
(11.22)
If we consider
1
2
(
∂2t − ∂s
)
ε4‖C‖2 = 1
2
(
∂2t − ∂s
)‖d∗ABt‖2
=‖∇td∗ABt‖2 − 〈∇sd∗ABt, d∗ABt〉+ 〈∇t∇td∗ABt, d∗ABt〉
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by the Yang-Mills flow equation (11.2) and the commutation formula (11.4) we have
=‖∇td∗ABt‖2 − 〈∇sd∗ABt, d∗ABt〉+
1
ε2
〈∇td∗Ad∗AFA, d∗ABt〉
+ 〈∇td∗ABs, d∗ABt〉 − 〈∇td∗A ∗Xt(A), d∗ABt〉 − 〈∗∇t[Bt ∧ ∗Bt], d∗ABt〉
and using the commutation formula (11.2) one more time
=‖∇td∗ABt‖2 − 〈∇sd∗ABt, d∗ABt〉+ 〈d∗A∇tBs, d∗ABt〉
− 〈∗[Bt ∧ ∗Bs], d∗ABt〉 − 〈∗∇tdAXt(A), d∗ABt〉
=‖∇td∗ABt‖2 +
2
ε2
‖dAd∗ABt‖2
− 2〈∗[Bt ∧ ∗Bs], d∗ABt〉 − 〈∗∇tdAXt(A), d∗ABt〉
where the last step follows from the Bianchi identity (11.3) and the commutation
formula (11.4). Using the Cauchy-Schwarz inequality and that ‖Bs‖L∞(Σ) is uni-
formly bounded, one can easily see that
(11.23)
(
∂2t − ∂s
)
ε4‖C‖2 ≥ ε2‖dAC‖2 + cε2‖Bt‖2 + cε2‖X˙t(A)‖2
and therefore, by (11.21), (11.22), (11.23) and ‖C‖ ≤ c‖dAC‖ by the lemma B.1
we have for two positive constants c, c0
(∂2t − ∂s)
(‖Bt‖2 + ‖Bs‖2 + c0ε2‖C‖2)
≥‖∇tBt‖2 + 1
ε2
‖dABt‖2 + 1
ε2
‖d∗ABt‖2 + ‖∇tBs‖2 +
1
ε2
‖dABs‖
+
1
ε2
‖d∗ABs‖2 −
c
ε4
‖d∗AFA‖2 − c‖Bt‖2 − c‖Bs‖2 − c‖X˙t(A)‖2.
(11.24)
Since ‖FA‖ ≤ δ, ‖FA‖L4(Σ) ≤ c‖d∗AFA‖ for a constant c by the theorems B.1 and
B.2 there is a A1 ∈ A0(P ) such that ‖A−A1‖ ≤ ‖FA‖ and thus we can write
dA∗Xt(A) = dA (∗Xt(A) − ∗Xt(A1))
+ dA1 ∗Xt(A1) + [(A−A1) ∧ ∗Xt(A1)]
(11.25)
where dA1 ∗Xt(A1) = 0. Therefore, by (11.18)
1
2
(
∂2t − ∂s
) ‖FA‖2 ≥ 1
4ε2
‖d∗AFA‖2 +
1
4
‖∇tFA‖2 − cε2‖Bt‖2(11.26)
and with (11.24) it follows that for a constant c0 big enough
1
2
(
∂2t − ∂s
) (
c0‖FA‖2 + ε2‖Bt‖2 + ε2‖Bs‖2 + ε2cX˙t + c0ε4‖C‖2
)
≥− c (c0‖FA‖2 + ε2‖Bt‖2 + ε2‖Bs‖2 + ε2cX˙t + c0ε4‖C‖2) .
Finally by lemma 11.5, for a fix r we can conclude that
sup
(t,s)∈S1×Q
(‖FA‖2 + ε2‖Bt‖2 + ε2‖Bs‖2 + c0ε4‖C‖2)
≤c
∫
S1×Ω
(
ε2‖Bt‖2 + ε2cX˙t + ‖FA‖2 + ε2‖Bs‖2 + c0ε4‖C‖2
)
dt ds.
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Next, we can apply lemma 11.6 to the inequality (11.26) and we obtain∫
S1×Q
(‖FA‖2 + ε2‖∇tFA‖2 + ‖d∗AFA‖2) dt ds
≤cε2
∫
S1×Ω
(‖FA‖2 + ε2‖Bt‖2) dt ds ≤ cε4,(11.27)
where the estimate of ‖FA‖2L2(S1×Q) follows from ‖FA‖ ≤ c‖d∗AFA‖. Using the
lemma 11.6 for the inequalities (11.21) and (11.24) we can conclude the last two
estimates of the third step:∫
S1×Q
(
ε2‖∇tBt‖2 + ‖dABt‖2 + ‖d∗ABt‖2
)
dt ds
≤c
∫
S1×Ω
(
1
ε2
‖FA‖2 + ε2‖Bt‖2 + ε2cX˙t(A)
)
dt ds,
(11.28)
∫
S1×Q
(
ε2‖∇tBs‖2 + ‖dABs‖2 + ‖d∗ABs‖2
)
dt ds
≤c
∫
S1×Ω
(
1
ε2
‖FA‖2 + ε2‖Bs‖2 + ε2‖Bt‖2 + c0ε4‖C‖2
)
dt ds
(11.29)
and the second step follows combining the last two estimates with (11.27). 
Step 3.There are two constants ε0, c > 0 such that the following holds. If 0 < ε <
ε0, then ∫
S1×Q
(
ε2‖∇tdABt‖2 + ‖d∗AdABt‖2 + ε2‖∇td∗ABt‖2 + ‖dAd∗ABt‖2
)
≤cε2
∫
S1×Ω
(
‖FA‖2 + ε2‖Bt‖2 + ε2cX˙t(A)
)
dt ds,
(11.30)
∫
S1×Q
(
ε2‖∇tdABs‖2 + ‖d∗AdABs‖2 + ε2‖∇td∗ABs‖2 + ‖dAd∗ABs‖2
)
≤c
∫
S1×Ω
(‖FA‖2 + ε2‖Bt‖2 + ε2‖Bs‖2 + ε4cX˙t + ε6‖C‖2) dt ds.
(11.31)
Proof of step 3. Like in the previous steps we will prove this one using the lem-
mas 11.5 and 11.6 and therefore we need to compute 12
(
∂2t − ∂s
)||dABt||2, 12(∂2t −
∂s
)||d∗ABt||2, 12(∂2t − ∂s)||dABs||2, 12(∂2t − ∂s)||d∗ABt||2 and 12(∂2t − ∂s)||d∗AFA||2.
First, analogously to the previous steps, we obtain that
1
2
(
∂2t − ∂s
) (‖dABt‖2 + ‖d∗ABt‖2) ≥ 12‖∇tdABt‖2 + 12ε2 ‖d∗AdABt‖2
+
1
2
‖∇td∗ABt‖2 +
1
2ε2
‖dAd∗ABt‖2 −
c
ε2
‖d∗AFA‖2
− cε2‖Bt‖2 − cε2‖X˙t(A)‖2L∞ − cε2‖∇tBt‖2.
(11.32)
and combined with (11.21) yield to(
∂2t − ∂s
) (‖dABt‖2 + ‖d∗ABt‖2 + c1‖FA‖2 + c0ε2‖Bt‖2)
≥‖∇tdABt‖2 + 1
ε2
‖d∗AdABt‖2 + ‖∇td∗ABt‖2 +
1
ε2
‖dAd∗ABt‖2
− cε2‖Bt‖2 − cε2‖X˙t(A)‖2L∞(Σ)
(11.33)
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for two positive constants c0 and c1. Therefore by lemma 11.6 we have, for an open
set Ω1 with Q ⊂ Ω1 ⊂⊂ Ω
∫
S1×Q
(
ε2‖∇tdABt‖2 + ‖d∗AdABt‖2 + ε2‖∇td∗ABt‖2 + ‖dAd∗ABt‖2
)
≤cε2
∫
S1×Ω1
(
‖dABt‖2 + ‖d∗ABt‖2 + ‖FA‖2 + ε2‖Bt‖2 + ε2cX˙t(A)
)
dt ds
≤cε2
∫
S1×Ω
(
‖FA‖2 + ε2‖Bt‖2 + ε2cX˙t(A)
)
dt ds
(11.34)
where the second estimate follows from step 2. Moreover, by the Bianchi identity
dABs = ∇sFA and by the identity ∇tC = 1ε2 d∗ABs which follows from the Yang-
Mills flow equation, for a positive c1
1
2
(∂2t − ∂s)(‖dABs‖2 + c1‖d∗ABs‖2) ≥ ‖∇tdABs‖2 +
1
ε2
‖d∗AdABs‖2
+ ‖∇td∗ABs‖2 +
1
ε2
‖dAd∗ABs‖2
− c
ε2
‖d∗ABs‖2 − cε2‖∇tBs‖2 − cε2‖∇tBt‖2 − c
1
ε2
‖dAd∗ABt‖2
− cε2‖Bt‖2 − cε2‖Bs‖2 − c
ε2
‖d∗AFA‖2 − c
‖FA‖2
ε2
‖dAd∗ABs‖2.
(11.35)
Collecting all the estimates, for a constant c0 > 0, we obtain
1
2
(
∂2t − ∂s
) (
c0‖FA‖2 + c0ε2‖Bt‖2 + c0ε2‖Bs‖2
)
+
1
2
(
∂2t − ∂s
) (
c1‖d∗ABs‖2 + ‖dABs‖2 + ‖d∗ABt‖2
)
≥ 1
ε2
‖dAd∗ABs‖2 +
1
ε2
‖d∗AdABs‖2 − cε2‖Bt‖2
− cε2‖X˙t(A)‖L∞ − cε2‖Bs‖2
By the lemma 11.6 we have then,∫
S1×Q
(‖dAd∗ABs‖2 + ‖d∗AdABs‖2)
≤cε2
∫
S1×Ω1
(
ε2‖Bt‖2 + ε2cX˙t + ε2‖Bs‖2
)
+ cε2
∫
S1×Ω1
(‖FA‖2 + ‖d∗ABs‖2 + ‖dABs‖2 + ‖d∗ABt‖2)
≤c
∫
S1×Ω
(
ε2‖Bt‖2 + ε4cX˙t + ε2‖Bs‖2 + ε2‖FA‖2 + ε6‖C‖2
)
.
(11.36)

Step 4. There are two constants ε0, c > 0 such that the following holds.If 0 < ε <
ε0, then
sup
(t,s)∈S1×Q
(‖dAd∗ABt‖2 + ‖d∗AdABt‖2)
≤c
∫
S1×Ω
(
‖FA‖2 + ε2‖Bt‖2 + ε2cX˙t(A)
)
dt ds,
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sup
(t,s)∈S1×Q
(‖d∗AdABs‖2 + ‖dAd∗ABs‖2)
≤
∫
S1×Ω
(c‖FA‖2 + cε2‖Bt‖2 + ε2‖Bs‖2 + ε2cX˙t(A) + ε4‖C‖2)dt ds,
sup
(t,s)∈S1×Q
‖d∗AdAd∗ABt‖2
≤c
∫
S1×Ω
(
ε2‖Bs‖2 + ε2‖Bt‖2 + ‖FA‖2 + ε4cX˙t + ε4‖C‖2
)
dt ds.
Proof of step 4. Analogously to the first two steps we can estimate(
∂2t − ∂s
) (‖dAd∗ABt‖2 + ‖d∗AdABt‖2)
and we obtain that there are two positive constants c and c0 such that(
∂2t − ∂s
) (‖dAd∗ABt‖2 + ‖dAd∗ABt‖2 + c0‖FA‖2 + c0ε2‖Bt‖+ c0ε2‖Bs‖2)
≥− cε2‖Bt‖2 − cε2‖Bs‖2 + εcX˙t .
We can therefore conclude by the lemma 11.5 and the previous step that
sup
(t,s)∈S1×Q
(‖dAd∗ABt‖2 + ‖d∗AdABt‖2)
≤c
∫
S×Ω
(
‖FA‖2 + ε2‖Bt‖2 + ε2cX˙t(A)
)
dt ds.
Furthermore, for two positive constants c and c0
1
2
(
∂2t − ∂s
)
(‖d∗AdABs‖2 + ‖dAd∗ABs‖2 + c0‖FA‖2 + c0‖dABt‖2 + c0‖dAd∗ABt‖2
+ c0‖d∗AdABt‖2 + c0‖d∗ABt‖2 + c0ε2‖Bt‖2 + c0ε2‖Bs‖2)
≥c
(
‖FA‖2 + ε2‖Bt‖2 + ε2‖Bs‖2 + cX˙t(A)
)
Thus, by the lemma 11.5 and the previous steps we can comnclude that
sup
(t,s)∈S1×Q
(‖d∗AdABs‖2 + ‖dAd∗ABs‖2)
≤c
∫
S1×Ω1
(‖d∗AdABs‖2 + ‖dAd∗ABs‖2 + ‖FA‖2 + ‖dABt‖2) dt ds
≤c
∫
S1×Ω1
(‖dAd∗ABt‖2 + ‖d∗ABt‖2) dt ds
≤c
∫
S1×Ω1
(
ε2‖Bt‖2 + ε2‖Bs‖2 + ε2cX˙t(A)
)
dt ds
≤c
∫
S1×Ω
(
‖FA‖2 + ε2‖Bt‖2 + ε2‖Bs‖2 + ε2cX˙t(A)
)
dt ds.
Moreover,
1
2
(
∂2t − ∂s
)‖d∗AdAd∗ABt‖2 ≥ ‖∇td∗AdAd∗ABt‖2 + 1ε2 ‖dAd∗AdAd∗ABt‖2
− cε2 (‖Bs‖2 + ‖dABs‖2 + ‖dABt‖2)− cε2‖dAd∗ABs‖ − cε2 ‖d∗AFA‖2
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and hence by the lemma 11.5 we can conclude the proof of the fourth step:
sup
(t,s)∈S1×Q
‖d∗AdAd∗ABt‖2
≤c
∫
S1×Ω1
(
ε2‖Bs‖2 + ε2‖dABs‖2 + ε2‖dABt‖2
)
dt ds
+ c
∫
S1×Ω1
(
ε2‖Bt‖2 + ‖FA‖2 + ‖d∗AdAd∗ABt‖2
)
dt ds
≤c
∫
S1×Ω
(
ε2‖Bs‖2 + ε2‖Bt‖2 + ‖FA‖2 + ε4cX˙t + ε4‖C‖2
)
dt ds.

Step 5. There are two constants ε0, c > 0 such that the following holds. If
0 < ε < ε0, then
(11.37) sup
S1×Q
(‖FA‖+ ε‖∇tFA‖+ ‖dAd∗AFA‖) ≤ cε2−
1
p .
Proof of step 5. In order to prove the fifth step we need the following observation.
For
f(t, s) := ‖FA‖2 + ε2‖∇tFA‖2 + ε4‖dAd∗AFA‖2 + ε2‖d∗ABt‖2
we have that
ε2(∂2t − ∂s)f ≥ c0f − cε4
and since for p ∈ N, p ≤ 2
∂2t f
p = pfp−1∂2t f + p(p− 1) (∂tf)2 ≥ pfp−1∂2t f,
ε2(∂2t − ∂s)fp ≥pfp−1(∂2t − ∂s)f ≥ pc0fp − pcε4fp−1 ≥ c0fp − cε4p
where we used that ab ≤ (p−1)a
p
p−1
p +
bp
p for any positive numbers a and b. Therefore
by lemma 11.6, for a sequence of open sets Ωi ⊂ R, i = 1, . . . , 2p, Q ⊂ Ω0 ⊂⊂
Ω1 ⊂⊂ Ω2 ⊂⊂ · · · ⊂⊂ Ω2p ⊂⊂ Ω∫
S1×Ω0
fpdt ds ≤ cε4p + cε2
∫
S1×Ω1
fpdt ds ≤ cε4p + cε4p
∫
S1×Ω2p
fpdt ds ≤ cε4p
where the last step follows by iterating the first one and from supΩ2p f ≤ cε. By
lemma 11.5
sup
S1×Q
ε2fp ≤ cε4p + ε2
∫
S1×Ω0
fpdt ds ≤ cε4p
and therefore
sup
S1×Q
(‖FA‖+ ε‖∇tFA‖+ ‖dAd∗AFA‖) ≤ cε2−
1
p .

Step 6. There are two constants ε0, c > 0 such that the following holds. If
0 < ε < ε0, then
(11.38) sup
S1×Q
(‖FA‖L∞(Σ) + ‖dAd∗AFA‖+ ε2‖∇t∇tFA‖) ≤ cε2.
54 RE´MI JANNER
Proof. One can show that, by the previous steps, there are three constants c, c0
and c1 such that
1
2
(
∂2t − ∂s
)(‖∇t∇tFA‖2 + c0
ε2
‖FA‖2 + c1‖Bt‖2
)
≥− c
(
‖∇t∇tFA‖2 + c0
ε2
‖FA‖2 + c1‖Bt‖2
)
and thus by the lemma 11.5
sup
s∈Q
‖∇t∇tFA‖2 ≤ c
∫
S1×Ω
(
‖∇t∇tFA‖2 + c0
ε2
‖FA‖2 + c1‖Bt‖2
)
dt ds ≤ c.
Furthermore, by the Bianchi identity (11.3) and the Yang-Mills flow equation (11.2)
sup
s∈Q
‖dAd∗AFA‖2 ≤ sup
s∈Q
ε4‖dA∇tBt‖2 + cε4
≤ sup
s∈Q
ε4‖∇tdABt‖2 + ε4‖[Bt ∧Bt]‖2 + cε4
≤ sup
s∈Q
ε4‖∇t∇tFA‖2 + cε4 ≤ cε4
and by the lemma B.1
‖FA‖L∞(Σ) ≤ c‖dAd∗AFA‖L(Σ) ≤ cε2.

Step 7. There are two constants ε0, c > 0 such that the following holds. If
0 < ε < ε0, then
sup
(t,s)∈S1×Q
(
ε2‖Bs‖2 + ε4‖C‖2 +N1 +N2 +N3 +N4
)
≤ε2c
∫
S1×Ω
(‖Bs‖2 + ε2‖C‖2) dt ds.
Proof. Since we know now that, for a positive constant c0,
ε2‖Bt‖L∞(Σ) + ‖FA‖L∞(Σ) ≤ c0ε2,
using the computations of the second step we can obtain the following estimate a
positive constant c
1
2
(
∂2t − ∂s
) (‖Bs‖2 + ε2‖C‖2)
≥‖∇tBs‖2 + 1
ε2
‖dABs‖2 + 1
ε2
‖d∗ABs‖+ ε2‖∇tC‖2 + ‖dAC‖2
− c (‖Bs‖2 + ε2‖C‖2) .
Analogously, for seven positive constants ci, i = 1, . . . , 7, we have(
∂2t − ∂s
) (N1 + c1ε2‖Bs‖2 + c1ε4‖C‖2)
≥ c5
ε2
N2 − c
(N1 + c1ε2‖Bs‖2 + c1ε4‖C‖2) ,
(
∂2t − ∂s
) (N2 + c2N1 + c2c1ε2‖Bs‖2 + c2c1ε4‖C‖2)
≥ c6
ε2
N3 − c
(N2 + c2N1 + c2c1ε2‖Bs‖2 + c2c1ε4‖C‖2) ,
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(
∂2t − ∂s
) (N3 + c3N2 + c3c2N1 + c3c2c1ε2‖Bs‖2 + c3c2c1ε4‖C‖2)
≥ c7
ε2
N4 − c (N4 + c4N3 + c4c3N2 + c4c3c2N1)
− c (c4c3c2c1ε2‖Bs‖2 + c4c3c2c1ε4‖C‖2)
(
∂2t − ∂s
)
(N4 + c4N3 + c4c3N2 + c4c3c2N1)
+
(
∂2t − ∂s
) (
c4c3c2c1ε
2‖Bs‖2 + c4c3c2c1ε4‖C‖2
)
≥− c (N4 + c4N3 + c4c3N2 + c4c3c2N1)
− c (c4c3c2c1ε2‖Bs‖2 + c4c3c2c1ε4‖C‖2) .
The seventh step follows then from the lemmas 11.5 and 11.6 and the last estimates.

With the seventh step we concluded the proof of the theorem 11.1. 
12. L∞-bound for a Yang-Mills flow
In this section we want to show that for any value b > 0, any Yang-Mills flow
Ξε ∈ Mε(Ξε−,Ξε+), Ξε± ∈ CritbYMε,H satisfies the L∞-estimate (12.1). This result
allows us to apply the theorem 11.1 needed in the proof of the surjectivity in the
section 15.
Theorem 12.1. We choose a regular value b > 0. Then there are two positive
constants c and ε0 such that the following holds. For any ε, 0 < ε < ε0, any Ξ
ε
−,
Ξε+ ∈ CritbYMε,H and any Ξε = Aε +Ψεdt+Φεds ∈Mε(Ξε−,Ξε+)
(12.1) ‖∂sAε − dAεΦε‖L∞(Σ) + ‖∂tAε − dAεΨε‖L∞(Σ) ≤ c.
Proof. Since the two estimates (11.8) and (11.9) in theorem 11.1 hold also is we
assume
sup
(t,s)∈S1×R
(
‖∂sAε − dAεΦε‖L∞(Σ) + ‖∂tAε − dAεΨε‖L4(Σ)
)
≤ c(12.2)
then by the Sobolev estimate for 1-forms on Σ, (12.2) implies (12.1). In order
to prove the theorem we assume therefore that there are sequences εν → 0 and
Ξν := Aν +Ψνdt+Φνds ∈Mεν (Ξεν− ,Ξεν+ ), Ξεν± ∈ CritbYMεν ,H such that
mν := sup
(t,s)∈S1×R
(
‖∂sAν − dAνΦν‖
1
2
L∞(Σ) + ‖∂tAν − dAνΨν‖L4(Σ)
)
→∞;(12.3)
furthermore we assume that there is a sequence (tν , sν) such that∥∥∂sAν(tν , sν)− dAν(tν ,sν)Φν(tν , sν)∥∥ 12L∞(Σ)
+
∥∥∂tAν(tν , sν)− dAν(tν ,sν)Ψν(tν , sν)∥∥L4(Σ) = mν .(12.4)
We will consider the following three cases. We denote by ‖ · ‖ the L2-norm on
Σ.
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Case 1: limν→∞ ενmν = 0. We take the sequence of connections Ξ¯ν = A¯ν +
Ψ¯νdt+ Φ¯νds defined by
A¯ν(t, s) := Aν
(
1
mν
t+ tν ,
1
m2ν
s+ sν
)
,
Ψ¯ν(t, s) :=
1
mν
Ψν
(
1
mν
t+ tν ,
1
m2ν
s+ sν
)
,
Φ¯ν(t, s) :=
1
m2ν
Φν
(
1
mν
t+ tν ,
1
m2ν
s+ sν
)
;
(12.5)
then Ξ¯ν satisfies the Yang-Mills flow equations
∂sA¯
ν − dA¯ν Φ¯ν +
1
ε2νm
2
ν
d∗¯AνFA¯ν −∇Ψ¯
ν
t
(
∂tA¯
ν − dA¯ν Ψ¯ν
)− ∗ 1
m2ν
X 1
mν
t+tν (A¯
ν) = 0,
∂sΨ¯
ν −∇Ψ¯νt Φ¯ν −
1
ε2νm
2
ν
d∗¯Aν
(
∂tA¯
ν − dA¯ν Ψ¯ν
)
= 0.
(12.6)
If we define B¯νt := ∂tA¯
ν − dA¯ν Ψ¯ν , B¯νs := ∂sA¯ν − dA¯ν Φ¯ν and C¯ν := ∂sΨ¯ν − ∂tΦ¯ν −
[Ψ¯ν , Φ¯ν ], then we have the following estimates for the norms:
sup
(t,s)∈S1×R
( ∥∥B¯νs∥∥ 12L∞(Σ) + ∥∥B¯νt ∥∥L4(Σ)
)
= 1,(12.7)
∥∥B¯νs ∥∥2L2 =
∫
R
∫ mν
2
−mν2
∥∥B¯νs ∥∥2L2(Σ) dt ds
=
∫
R
∫ 1
2
− 12
1
m4ν
‖∂sAν − dAνΦν‖2L2(Σ)m3ν dt ds
=
1
mν
‖∂sAν − dAνΦν‖2L2 ≤
c
mν
,
(12.8)
ε2νm
2
ν
∥∥C¯ν∥∥2
L2
=
∫
R
∫ mν
2
−mν2
∥∥C¯ν∥∥2
L2(Σ)
dt ds
=
∫
R
∫ 1
2
− 12
ε2νm
2
ν
m6ν
‖∂sΨν − ∂tΦ− [Ψ,Φ]‖2L2(Σ)m3ν dt ds
=
ε2ν
mν
‖∂sΨν − ∂tΦ− [Ψ,Φ]‖2L2 ≤
c
mν
.
(12.9)
HEAT FLOW AND YANG-MILLS THEORY 57
The theorem 11.1 tell us that for every open interval Ω ⊂ R, 0 ∈ Ω, and every
compact set Q ∈ Ω there is a positive constant c such that
sup
(t,s)∈S1×Q
(
ε2νm
2
ν‖B¯νt ‖2 + ‖dA¯ν B¯νt ‖2 + ‖d∗¯Aν B¯νt ‖2
)
+ sup
(t,s)∈S1×Q
(
ε2νm
2
ν‖B¯νs ‖2 + ‖dA¯νd∗¯Aν B¯νs ‖2 + ‖dA¯νd∗¯Aν B¯νs ‖2
)
≤c
∫
S1×Ω
(
‖FA¯ν‖2 + ε2νm2ν‖B¯νt ‖2 + ε2νm2νc 1
m2ν
X˙ 1
mν
t+tν
(A¯ν)
)
dt
+ c
∫
S1×Ω
(
ε2νm
2
ν‖B¯νs ‖2 + ε4νm4ν‖Cν‖2
)
dt
≤cε2νm2ν
(
c 1
m2ν
X˙ 1
mν
t+tν
(A¯ν) +
1
mν
)
where for the last inequality we used that∫
S1×Ω
‖FA¯ν‖2dt ≤ mνc sup s ∈ Ω
∫
S1
‖FAν‖2dt ≤ cε2νmν .
Since
(12.10)∣∣∣∣
∣∣∣∣ 1m2ν X˙ 1mν t+tν (A¯ν)
∣∣∣∣
∣∣∣∣
L∞
=
1
m3ν
‖X˙t(Aν)‖L∞ ≤ c
m3ν
=:
(
c 1
m2ν
X˙ 1
mν
t+tν
(A¯ν)
) 1
2
,
it follows that
sup
(t,s)∈S1×R
‖B¯νt ‖L4(Σ) ≤c sup
(t,s)∈S1×R
(‖B¯νt ‖+ ‖dA¯ν B¯νt ‖+ ‖d∗¯Aν B¯νt ‖)
≤ c√
mν
→ 0 (ν →∞),
sup
(t,s)∈S1×R
‖B¯νs ‖L∞(Σ) ≤c sup
(t,s)∈S1×R
(‖B¯νs ‖+ ‖dA¯ν B¯νs ‖+ ‖d∗¯Aν B¯νs ‖
+ ‖dA¯νd∗¯Aν B¯νs ‖+ ‖d∗¯AνdA¯ν B¯νs ‖
)
≤ c√
mν
→ 0 (ν →∞),
and this is a contradiction.
Case 2: limν→∞ ενmν = c1 > 0. We consider the sequence of connections
Ξ¯ν = A¯ν + Ψ¯νdt+ Φ¯νds defined by
A¯ν(t, s) := Aν
(
ενt+ tν , ε
2
νs+ sν
)
, Ψ¯ν(t, s) := ενΨ
ν
(
ενt+ tν , ε
2
νs+ sν
)
,
Φ¯ν(t, s) := ε2νΦ
ν
(
ενt+ tν , ε
2
νs+ sν
)
;
then Ξν satisfies the Yang-Mills flow equations
∂sA¯
ν − dAνΦν + d∗¯AνFA¯ν −∇Ψ¯
ν
t
(
∂tA¯
ν − dA¯ν Ψ¯ν
)− ε2ν ∗Xενt+tν (A¯ν) = 0,
∂sΨ¯
ν −∇Ψ¯νt Φ¯ν − d∗¯Aν
(
∂tA¯
ν − dA¯ν Ψ¯ν
)
= 0,
In addition, if define B¯νt := ∂tA¯
ν − dA¯ν Ψ¯ν, B¯νs := ∂sA¯ν − dA¯ν Φ¯ν and C¯ν :=
∂sΨ¯
ν − ∂tΦ¯ν − [Ψ¯ν , Φ¯ν ], for ν →∞, we have that
sup
(t,s)∈S1×R
( ∥∥B¯νs∥∥ 12L2(Σ) + ∥∥B¯νt ∥∥L2(Σ)
)
= cν → c1,
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∥∥∂sA¯ν − dA¯ν Φ¯ν∥∥2L2 =
∫
R
∫ 1
2εν
− 12εν
∥∥∂sA¯ν − dA¯ν Φ¯ν∥∥2L2(Σ) dt ds
=
∫
R
∫ 1
2
− 12
ε4ν ‖∂sAν − dAνΦν‖2L2(Σ)
1
ε3ν
dt ds
=εν ‖∂sAν − dAνΦν‖2L2 ≤ cεν ,∥∥C¯ν∥∥2
L2
=
∫
R
∫ 1
2εν
− 12εν
∥∥C¯ν∥∥2
L2(Σ)
dt ds
=
∫
R
∫ 1
2
− 12
ε6ν ‖∂sΨν − ∂tΦν − [Ψν ,Φν ]‖2L2(Σ)
1
ε3ν
dt ds
=ε3ν ‖∂sΨν − ∂tΦν − [Ψν ,Φν ]‖2L2 ≤ cεν
We can compute the estimates (11.8) and (11.9) of the theorem 11.1 also for ε = 1
exactly in the same way as we did in the proof of that theorem. Thus, for every
open interval Ω ⊂ R, 0 ∈ Ω, and every compact set Q ∈ Ω there is a positive
constat c such that
sup
(t,s)∈S1×Q
(‖B¯νt ‖2 + ‖dA¯ν B¯νt ‖2 + ‖d∗¯Aν B¯νt ‖2)
+ sup
(t,s)∈S1×Q
(‖B¯νs ‖2 + ‖dA¯νd∗¯Aν B¯νs ‖2 + ‖d∗¯AνdA¯ν B¯νs ‖2)
≤c
∫
S1×Ω
(
‖FA¯ν‖2 + ‖B¯νt ‖2 + cε2νX˙ενt+tν (A¯ν) + ‖B¯
ν
s ‖2 + ‖C¯ν‖2
)
dt
≤cεν + c 1
εν
cε2νX˙ενt+tν (A¯ν)
where for the last estimate we used that∫
S1×Ω
‖FA¯ν‖2dt ≤
c
εν
sup
s∈Ω
∫
S1
‖FAν‖2dt ≤ cεν .
Next, we consider∣∣∣∣∣∣ε2νX˙ενt+tν ∣∣∣∣∣∣
L∞
= ε3ν‖X˙t(A)‖L∞ ≤ cε3ν =:
(
cε2νX˙ενt+tν (A¯ν)
) 1
2
,
then
sup
(t,s)∈S1×R
‖B¯νt ‖L4(Σ) ≤c sup
(t,s)∈S1×R
(‖B¯νt ‖+ ‖dA¯ν B¯νt ‖+ ‖d∗¯Aν B¯νt ‖)
≤cε 12ν → 0 (ν →∞),
sup
(t,s)∈S1×R
‖B¯νs ‖L∞(Σ) ≤c sup
(t,s)∈S1×R
(‖B¯νs ‖+ ‖dA¯ν B¯νs ‖+ ‖d∗¯Aν B¯νs ‖
+ ‖dA¯νd∗¯Aν B¯νs ‖+ ‖d∗¯AνdA¯ν B¯νs ‖
)
≤ε 12ν → 0 (ν →∞),
and this is a contradiction.
Case 3: limν→∞ ενmν = ∞. We consider the substitution (12.5) as in the case
1 and hence the new connection satisfies the Yang-Mills equations (12.6) and the
estimates (12.7)-(12.7). In addition, we denote Bνs := ∂sA
ν−dAνΦν , B¯νt := ∂tA¯ν−
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dA¯ν Ψ¯
ν, B¯νs := ∂sA¯
ν − dA¯ν Φ¯ν . We recall that by the computations in the first and
in the second step of the proof of theorem 11.1 we have
1
2
(∂2t − ∂s)‖B¯νt ‖2 =‖∇νt B¯νt ‖2 +
1
ε2νm
2
ν
‖dA¯ν B¯νt ‖2 +
1
ε2νm
2
ν
‖d∗¯Aν B¯νt ‖2
+
1
ε2νm
2
ν
〈∗[B¯νt , ∗FA¯ν ], B¯νt 〉 − 〈
1
m2ν
d ∗X 1
mν
t(A¯
ν)B¯νt
+
1
m2ν
X˙ 1
mν
t+tν (A¯
ν), B¯νt 〉,
1
2
(
∂2t − ∂s
) ‖FA¯ν‖2 =‖∇νtFA¯ν‖2 + 1ε2νm2ν ‖d∗¯AνFA¯ν‖2
+ 〈FA¯ν , [B¯νt ∧ B¯νt ]〉 − 〈d∗¯AνFA¯ν , ∗
1
m2ν
X 1
mν
t+tν (A¯
ν)〉,
1
2
(
∂2t − ∂s
)‖B¯νs ‖2 =‖∇νt B¯s‖2 + 1ε2νm2ν ‖dA¯ν B¯νs ‖+
1
ε2νm
2
ν
‖d∗¯Aν B¯νs ‖2
+
1
ε2νm
2
ν
〈B¯νs , [d∗¯Aν B¯t, B¯νt ]〉 −
2
ε2νm
2
ν
〈B¯νs , ∗[B¯νs , ∗FA¯ν ]〉
− 2〈B¯νs ,∇νs ∗
1
m2ν
X 1
mν
t+tν (A¯
ν)〉,
thus for a constant c0 > 0(
∂2t − ∂s
)( c0
ε2νm
2
ν
‖FA¯ν‖2 + ‖B¯νt ‖2 + ‖B¯νs ‖2
)
≥− c 1
ε2νm
2
ν
‖FA¯ν‖2 − c‖B¯νt ‖2 − c‖B¯νs ‖2 −
c
m2ν
and hence by the lemma 11.5 there is, for any open set Ω ⊂ R, 0 ∈ Ω, and any
compact interval Q ⊂ Ω, a positive constant c such that
sup
(t,s)∈S1×Q
(‖B¯νs ‖2 + ‖B¯t‖2)
≤c
∫
S1×Ω
(
‖B¯νs ‖2 + ‖B¯νt ‖2 +
1
ε3νm
3
ν
‖FA¯ν‖2 +
1
m2ν
)
dt ds
≤ c
mν
+ c sup
s∈Ω
∫
S1
‖B¯νt ‖2dt ≤
c
mν
.
Analogously, using the computations of the proof of theorem 11.1 we can obtain
that there is a constant c0 such that(
∂2t − ∂s
) (‖dA¯ν B¯νt ‖2 + ‖d∗¯AνdA¯ν B¯νs ‖2 + ‖d∗¯Aν B¯νt ‖2 + ‖dA¯νd∗¯Aν B¯νs ‖2)
+
(
∂2t − ∂s
)( c0
ε2νm
2
ν
‖FA¯ν‖2 + ‖B¯νt ‖2 + ‖B¯νs ‖2
)
≥− c
ε2νm
2
ν
‖FA¯ν‖2 − c‖dA¯ν B¯νt ‖2 − c‖d∗¯AνdA¯ν B¯νs ‖2 − c‖B¯νt ‖2
− c‖d∗¯Aν B¯νt ‖2 − c‖dA¯νd∗¯Aν B¯νs ‖2 − c‖B¯νs ‖2
(12.11)
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thus, by the Sobolev estimates for 1-forms on Σ and the lemma 11.5 we get, for
Ω1 = Σ× S1 × Ω,
sup
(t,s)∈S1×Q
(
‖B¯νt ‖2L4(Σ) + ‖B¯νs ‖2L∞(Σ)
)
≤ sup
(t,s)∈S1×Q
(‖B¯νs ‖2 + ‖d∗¯AνdA¯ν B¯νs ‖2 + ‖dA¯νd∗¯Aν B¯νs ‖2)
+ sup
(t,s)∈S1×Q
(‖B¯νt ‖2 + ‖dA¯ν B¯νt ‖2 + ‖d∗¯Aν B¯νt ‖2)
≤c
∫
S1×Ω
(‖d∗¯AνdA¯ν B¯νs ‖2 + ‖dA¯νd∗¯Aν B¯νs ‖2) dt ds
+ c
∫
S1×Ω
(‖dA¯ν B¯νt ‖2 + ‖d∗¯Aν B¯νt ‖2) dt ds+ cmν
≤c 1
mν
(
‖d∗AνdAνBνs ‖2L2(Ω1) + ‖dAνd∗AνBνs ‖2L2(Ω1)
)
+ cεν‖dAνBνs ‖2L2(Ω1) +
cε2ν
mν
‖∇tBνs ‖2L2(Ω1) +
c
mν
+ cεν
≤ c
mν
+ cεν → 0
where the last estimate follows from the lemma 11.3 and the third by
‖dA¯ν B¯νt ‖2L2(Ω1) + ‖d∗¯Aν B¯νt ‖2L2(Ω1)
≤ c
mν
+ cεν + cεν‖dAνBνs ‖2L2(Ω1) + c
ε2ν
mν
‖∇tBνs ‖2L2(Ω1)
(12.12)
and therefore we have a contradiction. In order to finish the proof of the theorem
it remains only to prove (12.12). By the identities
ε2
∥∥∥∥B¯νs + 1ε2 d∗¯AνFA¯ν −∇tB¯νt − ∗X 1mν t+tν (A¯ν)
∥∥∥∥
2
L2(Σ×S1)
+ ‖∇tFA¯ν − dA¯ν B¯νt ‖2L2(Σ×S1)
=‖B¯νs ‖2 +
1
ε2
∥∥d∗¯AνFA¯ν∥∥2L2(Σ×S1) + ε2 ∥∥∇tB¯νt ∥∥2L2(Σ×S1)
+ ε2
∥∥∥X 1
mν
t+tν (A¯
ν)
∥∥∥2
L2(Σ×S1)
+ ‖∇tFA¯ν‖2L2(Σ×S1) +
∥∥dA¯ν B¯νt ∥∥2L2(Σ×S1)
− 2ε2
〈
∗X 1
mν
t+tν (A¯
ν),
1
ε2
d∗¯AνFA¯ν −∇tB¯νt
〉
+ 2
〈
B¯νs , d
∗¯
AνFA¯ν − ε2∇tB¯νt − ε2 ∗X 1mν t+tν (A¯
ν)
〉
− 2 〈d∗¯AνFA¯ν , ε2∇tB¯νt 〉− 〈∇tFA¯ν , dA¯ν B¯νt 〉 ,
−2 〈d∗¯AνFA¯ν ,∇tB¯νt 〉− 2 〈∇tFA¯ν , dA¯ν B¯νt 〉 = 2 〈FA¯ν , [B¯νt ∧ B¯νt ]〉 ,
2
〈
B¯νs , d
∗¯
AνFA¯ν − ε2∇tB¯νt
〉
= 2
〈
dA¯ν B¯
ν
s , FA¯ν
〉− ε2 〈∇tB¯νs , B¯νt 〉 ,
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by the Bianchi identity∇tFA¯ν−dAB¯t = 0 and by the perturbed Yang-Mills equation
(1.6) we have:
‖dA¯ν B¯νt ‖2L2(Ω1) + ‖d∗¯Aν B¯νt ‖2L2(Ω1) + ε2νm2ν‖∇tB¯νt ‖2L2(Ω1)
≤ c
m2ν
‖ ∗X 1
mν
t+tν (A¯
ν)‖L∞‖FA¯ν‖2L2(Σ×S1) + ε2ν |〈∗∇tX 1mν t+tν (A¯
ν), B¯νt 〉|
+ c
∫
Ω
(
ενmν‖dA¯ν B¯νs ‖2Σ×S1 +
1
ενmν
‖FA¯ν‖2Σ×S1
)
ds
+ c
∫
Ω
(
ε2νm
2
ν‖∇tB¯νs ‖2Σ×S1 + sup
s∈Ω
‖B¯νt ‖2Σ×S1
)
ds
+ c
∫
Ω
(
ε2ν‖B¯νs ‖2Σ×S1 + cε2ν
)
ds
+ c
∫
Ω
‖FA¯ν‖L2(Σ×S1)(ενmν)−
1
2
(
‖B¯νt ‖2L2(Σ×S1) + ‖dA¯ν B¯νt ‖2L2(Σ×S1)
)
+ c
∫
Ω
‖FA¯ν‖L2(Σ×S1)(ενmν)−
1
2
(
‖d∗¯Aν B¯νt ‖2L2(Σ×S1) + ε2νm2ν‖∇tB¯νt ‖2L2(Σ×S1)
)
≤c εν
m2ν
+ ε2ν + cεν‖dAνBνs ‖2L2(Ω1) + cεν
+ c
ε2ν
mν
‖∇tBνs ‖2L2(Ω1) +
c
mν
+ cε2ν
+ cε
1
2
ν sup
s∈Ω
‖B¯νt ‖2L2(Σ×S1)
+ cε
1
2
ν
(
‖dA¯ν B¯νt ‖2L2(Ω1) + ‖d∗¯Aν B¯νt ‖2L2(Ω1) + ε2νm2ν‖∇tB¯νt ‖2L2(Ω1)
)
where we use the Ho¨lder inequality and the Sobolev estimate in the first estimate.
Thus choosing εν small enough
‖dA¯ν B¯νt ‖2L2(Ω1) + ‖d∗¯Aν B¯νt ‖2L2(Ω1)
≤ c
mν
+ cεν + cεν‖dAνBνs ‖2L2(Ω1) + c
ε2ν
mν
‖∇tBνs ‖2L2(Ω1).
With this last estimate we conclude the discussion of the third case and thus, also
the proof of the theorem 12.1. 
13. Exponential convergence
In this section we will prove the exponential convergence of the curvature terms
Bs and C stated in the next theorem. In order to simplify the exposition, for this
section, we denote by ‖ · ‖ the norm ‖ · ‖L2(Σ×S1).
Theorem 13.1. We assume that every perturbed closed geodesic onMg(P ) is non-
degenerate. Then for every c0, b > 0 there are four positive constants δ, ε0, c, ρ such
that the following holds. If Ξ ∈ Mε(Ξε−,Ξε+), Ξε−,Ξε+ ∈ CritbYMε,H with 0 < ε ≤ ε0,
satisfies, for Bt := ∂tA− dAΨ, Bs := ∂sA− dAΦ, C := ∂sΨ− ∂tΦ− [Ψ,Φ],
(13.1) ‖Bs‖L∞(Σ×S1×R) + ‖Bt‖L∞(Σ×S1×R) + ε‖C‖L∞(Σ×S1×R) ≤ c0
and
(13.2) ‖Bs‖2L2(Σ×S1×[0,∞)) + ε2‖C‖2L2(Σ×S1×[0,∞)) ≤ δ,
62 RE´MI JANNER
then, for S ≥ 1,
(13.3) ‖Bs‖2L2(Σ×S1×[S,∞)) + ε2‖C‖2L2(Σ×S1×[S,∞)) ≤ ce−ρS .
Lemma 13.2. We choose a positive constant c0 and we assume that every perturbed
closed geodesic on Mg(P ) is non-degenerate. Then there are positive constants
δ0, ε0 and c such that the following holds. If A + Ψdt is a connection on P × S1
which satisfies, for 0 < ε ≤ ε0, Bt := ∂tA− dAΨ,
(13.4)
∥∥∥∥ 1ε2d∗AFA −∇tBt − ∗Xt(A)
∥∥∥∥
L∞
+
1
ε
‖|d∗ABt‖L∞ + sup
t∈S1
‖FA‖L2(Σ) ≤ δ0,
(13.5) ‖Bt‖L∞ ≤ c0,
where Bt := ∂tA− dAΨ, then
‖α+ ψdt‖2,2,ε ≤c
(
ε ‖Dε(A,Ψ)(α, ψ)‖0,2,ε + ‖πA0Dε(A,Ψ)(α, ψ)‖L2
)
,(13.6)
‖(1− πA0)α+ ψdt‖2,2,ε ≤cε2 ‖Dε(A,Ψ)(α, ψ)‖0,2,ε
+ cε ‖πA0Dε(A,Ψ)(α, ψ)‖L2
(13.7)
for every 1-form α+ ψdt on P × S1.
Proof of lemma 13.2. We suppose that the lemma does not hold. Then there are
sequences Aν +Ψνdt, εν → 0, such that, for Bνt := ∂tAν − dAνΨν , and
δν :=
∥∥∥∥ 1ε2 d∗AνFAν −∇Ψνt Bνt − ∗Xt(Aν)
∥∥∥∥
L∞
+
∥∥∥∥ 1εν d∗AνBνt
∥∥∥∥
L∞
+ sup
t∈S1
‖FAν‖L2(Σ),
with δν → 0 and (13.6) or (13.7) are not satisfied for A + Ψdt = Aν + Ψνdt and
ε = εν .
Claim: The following two estimates hold:
‖FA‖1,2,ε ≤
∥∥d∗AFA − ε2∇tBt − ε2 ∗Xt(A)∥∥ + cε2,
‖Bt‖1,2,1 ≤‖d∗ABt‖+
∥∥∥∥ 1ε2 d∗AFA −∇tBt − ∗Xt(A)
∥∥∥∥ + ‖Bt‖+ c.
Proof. By the identity∥∥d∗AFA − ε2∇tBt − ε2 ∗Xt(A)∥∥2 + ε2‖∇tFA − dABt‖2
= ‖d∗AFA‖2 + ε4 ‖∇tBt‖2 + ε4 ‖Xt(A)‖2 + ε2 ‖∇tFA‖2
+ ε2 ‖dABt‖2 − 2
〈
ε2 ∗Xt(A), d∗AFA − ε2∇tBt
〉
− 2ε2 〈d∗AFA,∇tBt〉 − 2ε2 〈∇tFA, dABt〉 ,
‖d∗ABt‖2 +
∥∥∥∥ 1ε2 d∗AFA −∇tBt − ∗Xt(A)
∥∥∥∥
2
+
1
ε2
‖∇tFA − dABt‖2
= ‖d∗ABt‖2 +
1
ε4
‖d∗AFA‖2 + ‖∇tBt‖2 + ‖Xt(A)‖2
+
1
ε2
‖∇tFA‖2 + 1
ε2
‖dABt‖2 − 2
〈
∗Xt(A), 1
ε2
d∗AFA −∇tBt
〉
− 2 1
ε2
〈d∗AFA,∇tBt〉 − 2
1
ε2
〈∇tFA, dABt〉 ,
−2 〈d∗AFA,∇tBt〉 − 2 〈∇tFA, dABt〉 = 2 〈FA, [Bt ∧Bt]〉
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and since ∇tFA − dABt = 0 by the Bianchi identity, the lemma holds. 
Thus, the Lp-norm of the curvatures FAν +B
ν
t dt is uniformly bounded for any p
which satisfies the Sobolev’s condition − 3p < 1− 32 and hence for p < 6. Therefore,
by the weak Uhlenbeck compactness theorem (see [15] or theorem 7.1. in [18]), we
can assume that Aν + Ψνdt converges weakly to a A0 + Ψ0dt in W 1,p and hence
also strongly in L∞. In addition we have that, for B0t := ∂tA
0 − dA0Ψ0,
FA0 = 0, d
∗
A0B
0
t = dA0B
0
t = 0, ∇0tB0t + ∗Xt(A0) ∈ im d∗A0 ;
thus, A0+Ψ0dt satisfies the equations of a perturbed closed geodesic and therefore
for any 1-form α on P × S1 with α(t) ∈ Ω1(Σ, gP )
‖πA0(α)‖1,2,1 ≤ c‖D0(A0)(πA0 (α), ψ0)‖L2
where ψ satisfies −2 ∗ [πA0(α) ∧ ∗B0t ]− d∗A0dA0ψ0 = 0. Then
‖πA0(α)‖1,2,1 ≤ c
∣∣∣∣∣∣πA0(2[ψ0, Bνt ] + d ∗Xt(Aν)πA0(α)
+∇Ψνt ∇Ψ
ν
t πA0(α) +
1
ε2ν
∗ [πA0(α) ∧ ∗FAν ]
)∣∣∣∣∣∣
L2
where we used∥∥∥∥
[
πA0(α) ∧ ∗
(
dA0(d
∗
A0dA0)
−1(∇0tB0t − ∗Xt(A0))−
1
ε2ν
FAν
)]∥∥∥∥
≤ ‖πA0(α)‖L∞
∥∥∥∥ 1ε2ν d∗AνFAν −∇0tB0t − ∗Xt(A0)
∥∥∥∥
+ ‖πA0(α)‖L∞
∥∥∇0tB0t + ∗Xt(A0)∥∥L∞ ∥∥Aν −A0∥∥
≤ ‖πA0(α)‖L∞
∥∥∥∥ 1ε2ν d∗AνFAν −∇νtBνt − ∗Xt(Aν)
∥∥∥∥
+ ‖πA0(α)‖L∞
∥∥∇0tB0t + ∗Xt(A0)−∇νtBνt − ∗Xt(Aν)∥∥
≤ 1
2
‖πA0(α)‖1,2,1
for ν big enough. Therefore, analogously to the theorems 7.1 and 7.2 of [9], one
can prove that
‖α‖2,2,εν ≤ c
(
εν ‖Dεν (Aν ,Ψν)(α, ψ)‖0,2,εν + ‖πA0Dεν1 (Aν ,Ψν)(α, ψ)‖L2
)
,
‖α+ ψds− πA0(α)‖2,2,εν ≤ c
(
ε2ν ‖Dεν (Aν ,Ψν)(α, ψ)‖0,2,εν
+ εν ‖πA0Dεν1 (Aν ,Ψν)(α, ψ)‖L2
)
.
Thus, we have a contradiction and hence we finished the proof of the lemma 13.2.

Proof of theorem 13.1. To prove this theorem we proceed as Dostoglou and Sala-
mon did for the theorem 7.4 in [7]. The idea is to find a positive bounded function
f(s) such that it satisfies
(13.8) f ′′(s) ≥ ρ2f(s)
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for s ≥ 1. Then, this implies that f has an exponential decay, because, since
∂s
(
e−ρs (f ′(s) + ρf(s))
)
= e−ρs
(−ρ2f(s) + f ′′(s)) ≥ 0,
f ′(s) + ρf(s) < 0 (otherwise e−ρs (f ′(s) + ρf(s)) would be positive and increase;
thus, since f(s) is bounded, e−ρsf(s) would decrease and hence f ′(s) would increase.
Therefore f(s) would be unbounded which is a contradiction.) and hence eρsf(s)
is decreasing. Therefore, if a function f satisfies (13.8), then
(13.9) f(s) ≤ e−ρ(s−1)c1.
with c1 = f(1). By the a priori estimate (11.12) and the lemma B.1 for any δ
(13.10) ‖Bs‖L∞(Σ×S1×{s}) + ε‖C‖L∞(Σ×S1×{s}) ≤ δ
holds for s sufficiently big. We define
(13.11) f(s) :=
1
2
∫ 1
0
(
‖Bs(t, s)‖2L2(Σ) + ε2‖C(t, s)‖2L2(Σ)
)
dt;
then, as we will show later,
f ′′(s) =
1
2
∂2s
(‖Bs‖2L2(Σ×S1) + ε2‖C‖2L2(Σ×S1))
≥
∥∥∥ 1
ε2
(d∗AdABs + dAd
∗
ABs ∗+ ∗ [Bs, ∗FA])
−∇t∇tBs − d ∗Xt(A)Bs − 2[C,Bt]
∥∥∥2
+
1
ε2
∥∥d∗AdAC − ε2∇t∇tC + ∗[Bs ∧ ∗Bt]∥∥2 .
(13.12)
Next, for s ≥ 1 and δ sufficiently small we apply the lemma 13.1 for α + ψdt :=
Bs + Cdt and thus,
f(s) =
1
2
(‖Bs‖22,2,ε + ε2‖C‖22,2,ε)
≤c
∥∥∥ 1
ε2
(d∗AdABs + dAd
∗
ABs ∗+ ∗ [Bs, ∗FA])
−∇t∇tBs − d ∗Xt(A)Bs − 2[C,Bt]
∥∥∥2
+ cε6
∥∥∥∥ 1ε2 d∗AdAC −∇t∇tC + 2ε2 ∗ [Bs ∧ ∗Bt]
∥∥∥∥
2
≤cf ′′(s).
Therefore, ρ2f(s) ≤ f ′′(s) for ρ > 0 small enough. Thus, by (13.9),∫ ∞
S
(
‖Bs‖2L2(Σ×S1) + ε2‖C‖2L2(Σ×S1)
)
ds ≤ ce−ρS
for S ≥ 1.
Proof of (13.12). First, we consider the following two short computations that are
consequence of the commutation formula (11.4) and of the Yang-Mills flow equation
(11.2):
∇tdAC =dA∇tC + [Bt, C] = 1
ε2
dA∇td∗ABt + [Bt, C]
=
1
ε2
dAd
∗
A∇tBt + [Bt, C] =
1
ε2
dAd
∗
ABs + [Bt, C],
(13.13)
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d∗A∇tBs =∇td∗ABs + ∗[Bt ∧ ∗Bs] = ∇td∗A∇tBt + ∗[Bt ∧ ∗Bs]
=∇t∇td∗ABt + ∗[Bt ∧ ∗Bs] = ε2∇t∇tC + ∗[Bt ∧ ∗Bs],
(13.14)
for in both cases we use [Bt ∧ ∗Bt] = 0 and [FA, ∗FA] = 0. In the following we use
the notation
D1 :=
1
ε2
d∗AdABs −∇t∇tBs +∇tdAC − d ∗Xt(A)Bs −
1
ε2
∗ [Bs, ∗FA] + [Bt, C],
D2 :=ε
2∇t∇tC − d∗AdAC − ∗2[Bs ∧ ∗Bt].
Next, we can compute the second derivative of ‖Bs‖2 + ‖C‖2, i.e.
1
2
∂2s
(‖Bs‖2 + ε2‖C‖2)
=‖∇sBs‖2 + ε2‖∇sC‖2 + 〈∇s∇sBs, Bs〉+ ε2〈∇s∇sC,C〉
=
∥∥∥∥ 1ε2∇sd∗AFA −∇s∇tBt − ∗∇sXt(A)
∥∥∥∥
2
+
1
ε2
‖∇sd∗ABt‖2
−
〈
∇s∇s
(
1
ε2
d∗AFA −∇tBt − ∗Xt(A)
)
, Bs
〉
+ 〈∇s∇sd∗ABt, C〉
where in the second step we use the Yang-Mills flow equation (11.2). Then by the
commutation formula (11.4)
=
∥∥∥∥ 1ε2 d∗A∇sFA −∇t∇sBt − d ∗Xt(A)Bs − 1ε2 ∗ [Bs, ∗FA]− [C,Bt]
∥∥∥∥
2
+
1
ε2
‖d∗A∇sBt − ∗[Bs ∧ ∗Bt]‖2
−
〈
∇s
(
1
ε2
d∗A∇sFA −∇t∇sBt − d ∗Xt(A)Bs
)
, Bs
〉
−
〈
∇s
(
− 1
ε2
∗ [Bs, ∗FA]− [C,Bt]
)
, Bs
〉
+ 〈∇s (d∗A∇sBt − ∗[Bs ∧Bt]) , C〉
and by the Bianchi identity
= ‖D1‖2 + 1
ε2
‖d∗A∇tBs − d∗AdAC − ∗[Bs ∧ ∗Bt]‖2
−
〈
∇s
(
1
ε2
d∗AdABs −∇t∇tBs +∇tdAC − d ∗Xt(A)Bs
)
, Bs
〉
−
〈
∇s
(
− 1
ε2
∗ [Bs, ∗FA]− [C,Bt]
)
, Bs
〉
+ 〈∇s (d∗A∇tBs − d∗AdAC − ∗[Bs ∧Bt]) , C〉
in addition, if we apply (13.13) and (13.14), then
= ‖D1‖2 + 1
ε2
‖D2‖2 − 〈∇sD1, Bs〉+ 〈∇sD2, C〉
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if we permute the derivatives in D1 and D2 with ∇s and we apply the partial
integration, then
= ‖D1‖2 + 1
ε2
‖D2‖2 − 〈∇sBs, D1〉+ 〈∇sC,D2〉
−
〈[
∇s,
(
1
ε2
d∗AdA −∇t∇t +
1
ε2
dAd
∗
A
)]
Bs, Bs
〉
+
〈
1
ε2
∗ [Bs, ∗∇sFA] + 2 [C,∇sBt] + d2 ∗Xt(A)[Bs, Bs], Bs
〉
+
〈[∇s, (ε2∇t∇t − d∗AdA)]C,C〉− 2 〈∗ [Bs ∧ ∗∇sBt] , C〉
The last three lines can be estimates by∣∣∣∣
〈[
∇s, 1
ε2
d∗AdA
]
Bs, Bs
〉∣∣∣∣ = 1ε2 |2 〈[Bs ∧Bs] , dABs〉|
≤cδ
ε2
‖Bs‖ · ‖dABs‖ ≤ cδ
ε4
‖dABs‖2 + δ‖Bs‖2,
|〈[∇s,∇t∇t]Bs, Bs〉| = |〈[C,∇tBs] , Bs〉+ 〈∇t [C,Bs] , Bs〉|
= |2 〈[C,∇tBs] , Bs〉|
≤cδ‖C‖ · ‖Bs‖ ≤ cδ‖C‖2 + δ‖Bs‖2,∣∣∣∣
〈[
∇s, 1
ε2
dAd
∗
A
]
Bs, Bs
〉∣∣∣∣ =0,∣∣∣∣
〈
1
ε2
∗ [Bs, ∗∇sFA] , Bs
〉∣∣∣∣ ≤cδε2 ‖dABs‖ · ‖Bs‖ ≤ cδε4 ‖dABs‖2 + δ‖Bs‖2,
|〈2 [C,∇sBt] , Bs〉| ≤cδ‖dABs‖ · ‖C‖ ≤ cδ
ε2
‖dABs‖2 + ε2δ‖C‖2,∣∣〈[∇s, ε2∇t∇t]C,C〉∣∣ =0,
|〈[∇s, d∗AdA]C,C〉| = |2 〈[C, dAC] , Bs〉| ≤ cδ‖dAC‖2,
|〈2 ∗ [Bs ∧ ∗∇sBt] , C〉| ≤cδ‖C‖ · ‖dABs‖ ≤ ε2δ‖C‖2 + cδ
ε2
‖dABs‖2,
|〈d2 ∗Xt(A)[Bs, Bs], Bs〉| ≤cδ‖Bs‖2;
we can therefore conclude that
1
2
∂2s
(‖Bs‖2 + ε2‖C‖2) ≥2 ‖D1‖2 + 2
ε2
‖D2‖2 − cδ
ε4
‖dABs‖2
− δ‖Bs‖2 − cδ‖C‖2 + cδ‖dAC‖
≥‖D1‖2 + 1
ε2
‖D2‖2
where the last step follows from the lemma 13.2 and choosing δ and ε0 small enough
and thus, we concluded the proof of the identity (13.12). 
We concluded therefore the proof of the theorem 13.1. 
Next, we use the notation of the section 11.
Theorem 13.3. We choose four constants b, c0 > 0, p, s1 ≥ 2. There are three
positive constants ε0, c and ρ such that the following holds. If a perturbed Yang-
Mills flow Ξ = A+Ψdt+Φds ∈Mε(Ξ−,Ξ+), with Ξ± = A± +Ψ±dt ∈ CritbYMε,H
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and 0 < ε < ε0, satisfies
(13.15) ‖∂tA− dAΨ‖L4(Σ) + ‖∂sA− dAΦ‖L∞(Σ) ≤ c0,
then
(13.16) sup
(t,s)∈S1×[s0,∞)
(‖Bs‖L∞(Σ) + ε‖C‖L∞(Σ)) ≤ ce−ρs0 ,
(13.17) sup
(t,s)∈S1×[s0,∞)
(N1 +N2 +N3 +N4) ≤ cε2e−ρs0 ,
(13.18) sup
(t,s)∈S1×[s0,∞)
(‖α‖L∞(Σ) + ε‖∇tα‖L∞(Σ)) ≤ ce−ρs0 ,
(13.19) sup
(t,s)∈S1×[s0,∞)
(‖d∗Aα‖L∞(Σ) + ‖dAα‖L∞(Σ)) ≤ ce−ρs0 ,
(13.20) sup
(t,s)∈S1×[s0,∞)
(
ε‖∇tdAα‖Lp(Σ) + ε2‖∇sd∗Aα‖Lp(Σ)
) ≤ ce−ρs0 ,
(13.21) sup
(t,s)∈S1×[s0,∞)
(
ε‖ψ‖L∞(Σ) + ε‖dAψ‖L∞(Σ) + ε2‖∇tψ‖L∞(Σ)
) ≤ ce−ρs0 ,
(13.22) sup
(t,s)∈S1×[s0,∞)
(
ε2‖∇tdAψ‖Lp(Σ) + ε3‖∇sdAφ‖Lp(Σ)
) ≤ ce−ρs0 ,
(13.23)
sup
S1×[s0,∞)
(‖FA − FA+(s)‖L∞(Σ) + ε‖∇t(FA − FA+(s))‖Lp(Σ)) ≤ cε2− 1p e−ρs0 ,
(13.24)
sup
S1×[s0,∞)
(
ε1−
1
p ‖∇sFA‖Lp(Σ + ε2‖∇t∇t(FA − FA+(s))‖Lp(Σ)
)
≤ cε2− 1p e−ρs0 ,
(13.25) sup
S1×[s0,∞)
(∥∥Bt −B+t ∥∥L∞ + ε ∥∥∇t(Bt −B+t )∥∥Lp) ≤ ce−ρs0 ,
(13.26) sup
S1×[s0,∞)
ε2
∥∥∇s(Bt −B+t )∥∥Lp ≤ ce−ρs0 ,
where s0 > s1 and, for g ∈ G2,20 (Σ× S1 × R) defined by g−1∂sg = Φ,
A+(s) + Ψ+(s)dt := g(s)
∗ (A+ +Ψ+dt) ,
α(s) + φ(s)dt := (A(s) + Ψ(s)dt)− (A+(s) + Ψ+(s)dt),
B+t (s) := ∂tA+(s) + dA+(s)Ψ+(s).
Proof. By the estimate (11.12), the theorem 13.1 and the lemma B.1 we know that
there two constants ρ and c such that
sup
(t,s)∈S1×[s0,∞)
(‖Bs‖L∞(Σ) + ε‖C‖L∞) ≤ ce−ρs0 ,
sup
(t,s)∈S1×[s0,∞)
(N1 +N2 +N3 +N4) ≤ cε2e−ρs0 .
(13.27)
Thus, if we integrate the first estimate of 13.27 we have
sup
(t,s)∈S1×[s0,∞)
(‖α‖L∞(Σ) + ε‖ψ‖L∞(Σ)) ≤ ce−ρs0
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and if we pick s2 ∈ [s0,∞), then the third estimate of the theorem follows from the
computation
ε‖∇tα(s2)‖L∞(Σ) ≤
∫ s2
∞
ε‖∇s∇t(A(s)−A+(s)‖L∞(Σ)ds
≤
∫ s2
∞
ε‖C‖L∞‖A(s)−A+(s)‖L∞(Σ)ds
+
∫ s2
∞
ε‖∇t∇s(A(s) − g(s)∗A+)‖L∞(Σ)ds
≤ce−ρs2 +
∫ s2
∞
ε‖∇t(∂sA(s) + [Ψ(s), A(s)]
− [Φ(s), g(s)∗A+]− dg(s)∗A+Φ(s))‖L∞(Σ)ds
≤ce−ρs2 +
∫ s2
∞
ε‖∇tBs‖L∞(Σ)ds
≤ce−ρs2 + c
∫ s2
∞
(
ε‖∇tBs‖L2(Σ) + ε‖d∗AdA∇tBs‖L2(Σ)
)
ds
+
∫ s2
∞
ε‖dAd∗A∇tBs‖L2(Σ)ds
≤ce−ρs2
where the constant c does not depend on (t, s2) for (t, s2) ∈ S1 × [s0,∞). The
second step of the computation follows from the commutation formula (11.4), the
third by the definition of g(s) and the previous estimates, the fifth by the lemma
B.1 and the last one by 13.27. The estimates (13.19)-(13.22) follows in the same
way. Next we prove the first part of the (13.23). By (11.11)
sup
(t,s)∈S1×[s0,∞)
‖FA‖L∞(Σ) ≤ cε2
and by the Bianchi identity dABs = ∇sFA and by the lemma B.1:
sup
(t,s)∈S1×[s0,∞)
‖∇sFA‖L∞(Σ) =c sup
(t,s)∈S1×[s0,∞)
‖dAd∗AdABs‖L2(Σ) ≤ cεe−ρs0 .
Thus, integrating the last estimate, sup(t,s)∈S1×[s0,∞) ‖FA − FA+‖L∞(Σ) ≤ cεe−ρs0
and hence
sup
(t,s)∈S1×[s0,∞)
‖FA − FA+‖pL∞(Σ)
≤cεe−ρs0 sup
(t,s)∈S1×[s0,∞)
(‖FA‖L∞(Σ) + ‖FA+‖L∞(Σ))p−1
≤cε2p−1e−ρs0
and finally we obtain
sup
(t,s)∈S1×[s0,∞)
‖FA − FA+‖L∞(Σ) ≤ cε2−
1
p e−
ρ
p
s0 .
The other estimates of (13.23)-(13.26) follow in the same way using the Bianchi
identity, the Yang-Mills equation (4.2) in order to commute the operators and the
estimates (13.27). 
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14. Relative Coulomb gauge
Theorem 14.1. Assume q ≥ p > 2, q > 4 and qp/(q − p) > 4. We choose
Ξ0 = A0 + Ψ0dt + Φ0ds ∈ A1,p(Ξ−,Ξ+) such that FA0 = 0. Then for every
constant c0 > 0 there exist constants δ > 0 and c > 0 such that the following holds
for 0 < ε ≤ 1. If Ξ ∈ A1,p(Ξ−,Ξ+) satisfies
(14.1) ε2
∥∥d∗εΞ0 (Ξ−Kε2(Ξ0))∥∥Lp ≤ c0ε 3p , ‖Ξ−Kε2(Ξ0)‖0,q,ε ≤ δε 3q ,
then there exists a gauge transformation g ∈ G2,p0 (P × S1 × R) such that
d∗εΞ0 (g
∗Ξ−Kε2(Ξ0)) = 0
and
(14.2) ‖g∗Ξ− Ξ‖1,p,ε ≤ cε2
(
1 + ε−
3
p ‖Ξ−Kε2(Ξ0)‖1,p,ε
) ∥∥d∗εΞ0 (Ξ−Kε2(Ξ0))∥∥Lp .
This last theorem is analogous to the proposition 6.2 in [7], but if we compare
them, we will remark some differences. The first one is given by different rescaling
in the s direction induced by the equations (we have an ε2 factor instead of ε) and
this also induces a difference in the Sobolev’s estimates and it causes the change
in some exponents: 2p ,
2
q and − 2p become 3p , 3q and − 3p . The second difference is
an extra ε2 factor in the first estimate of (14.1) and in (14.2); this is given by the
difference in the definitions of d∗εΞ0 . In [7] it is defined by, with Ξ0 =: A+Ψdt+Φds,
(14.3) d∗εΞ0(α+ ψdt+ φds) = d
∗
Aα− ε2∇tψ − ε2∇sφ,
our definition is instead
(14.4) ε2d∗εΞ0(α+ ψdt+ φds) = d
∗
Aα− ε2∇tψ − ε4∇sφ.
The third difference is that we use the difference Ξ−Kε2(Ξ0) instead of Ξ−Ξ0 and
this is needed in order to have finite norms.
For any σ ∈ R we define ρσ : R2 → R2 by ρσ(t, s) = (t, s+ σ).
Theorem 14.2. We choose p > 10 and b > 0. Let Ξ0 ∈M0(Ξ−,Ξ+), Ξ± ∈ CritbEH
with index difference 1. Then there exist three positive constants ε0, δ and c such
that the following holds. If 0 < ε < ε0 and Ξ ∈Mε(T ε,b(Ξ−), T ε,b(Ξ+)) such that
(14.5) ‖Ξ−Kε2(Ξ0)‖1,p,ε ≤ δε1−
4
p , ε2 ‖∇sΞ‖0,p,ε ≤ cε1+
7
p
then there exist σ ∈ R and g ∈ G2,p0 (P ×S1×R) such that Ξε = g∗ (Ξ ◦ ρσ) satisfies
(14.6) d∗εΞ0(Ξ
ε −Kε2(Ξ0)) = 0, Ξε −Kε2(Ξ0) ∈ im (Dε(Kε2(Ξ0)))∗
and
(14.7) ‖Ξε −Kε2(Ξ0)‖1,p,ε ≤ c ‖Ξ−Kε2(Ξ0)‖1,p,ε .
Furthermore, for Ξε−Kε2(Ξ0) := αε+ψεdt+φεds and Ξ−Kε2(Ξ0) := α+ψdt+φds,
then
(14.8) ‖∇tαε‖Lp ≤ ‖∇tα‖Lp + c ‖Ξ−Kε2(Ξ0)‖1,p,ε ,
(14.9) ‖∇sαε‖Lp ≤ ‖∇sα‖Lp + c ‖Ξ−Kε2(Ξ0)‖1,p,ε ,
(14.10) ‖∇tψε‖Lp ≤ ‖∇tψ‖Lp + c ‖Ξ−Kε2(Ξ0)‖1,p,ε ,
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(14.11) ‖∇sψε‖Lp ≤ ‖∇sψ‖Lp + c ‖Ξ−Kε2(Ξ0)‖1,p,ε ,
(14.12) ‖∇tφε‖Lp ≤ ‖∇tφ‖Lp + c ‖Ξ−Kε2(Ξ0)‖1,p,ε ,
(14.13) ‖∇sφε‖Lp ≤ ‖∇sφ‖Lp + c ‖Ξ−Kε2(Ξ0)‖1,p,ε .
In order to prove the theorem 14.1 we need the following lemma
Lemma 14.3. Assume q ≥ p > 2, q > 4, and pq/(q − p) > 4. Given c0 > 0 there
exists a constant c > 0 such that, if ‖η‖L∞ ≤ c0 and g = exp(η), then
ε2
∥∥d∗εΞ0 (g∗Ξ− Ξ− dΞη)∥∥Lp ≤cε− 3q (‖η‖1,q,ε + ‖Ξ−Kε2(Ξ0)‖0,q,ε + ε2) ‖η‖2,p,ε
+ cε−
3
q
(
ε2
∥∥d∗εΞ0 (Ξ−Kε2(Ξ0))∥∥Lp + ε2
)
‖η‖1,q,ε
(14.14)
and if ‖η‖1,q,ε + ‖Ξ− Ξ0‖0,q,ε ≤ c0ε 3q , then
(14.15) ‖g∗Ξ− Ξ‖0,q,ε ≤ c‖η‖1,q,ε,
(14.16) ‖g∗Ξ− Ξ‖1,p,ε ≤ c
(
‖η‖2,p,ε + ε− 2q ‖Ξ− Ξ0‖1,p,ε‖η‖1,q,ε
)
.
Proof. The lemma follows exactly as the lemma 6.6 in [7] using the estimate (9.5).

Proof of theorem 14.1. We choose Ξ1 = Ξ and we define the sequence Ξν , for ν ≥ 2,
by
Ξν+1 = g
∗
νΞν , gν = exp(ην), d
∗ε
Ξ0
(dΞ0ην + Ξν −Kε2(Ξ0)) = 0
by the definition of ην and the lemma 6.4 in [7] and the Sobolev theorem 5.1 we
have that
(14.17) ‖ην‖2,p,ε + ε 3p− 3q ‖ην‖1,q,ε ≤ c1ε2
∥∥d∗εΞ0(Ξν −Kε2(Ξ0))∥∥Lp ,
(14.18) ‖ην‖1,q,ε ≤ c1‖Ξν −Kε2(Ξ0)‖0,q,ε.
In order to conclude the proof of the theorem we need first to show by induction that
there are three positive constants c2, c3 and c4 such that the following estimates
hold.
(14.19)
‖Ξν −Kε2(Ξ0)‖0,q,ε ≤ c2 ‖Ξ−Kε2(Ξ0)‖0,q,ε + c2
∥∥Πim dΞ0 (Ξ−Kε2(Ξ0))∥∥0,p,ε ,
ε2
∥∥d∗εΞ0 (Ξν −Kε2(Ξ0))∥∥Lp ≤c3ε2− 3q ‖Ξν−1 −Kε2(Ξ0)‖0,q,ε ∥∥d∗εΞ0 (Ξν−1 −Kε2(Ξ0))∥∥Lp
+ c3ε
2‖ην−1‖2,p,ε,
(14.20)
(14.21)
∥∥d∗εΞ0 (Ξν −Kε2(Ξ0))∥∥Lp ≤ 21−ν ∥∥d∗εΞ0 (Ξ−Kε2(Ξ0))∥∥Lp ,
(14.22) ‖ην‖1,q,ε ≤ c42−ν
(
‖Ξ−Kε2(Ξ0)‖0,q,ε +
∥∥Πim dΞ0 (Ξ−Kε2(Ξ0))∥∥0,p,ε
)
.
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For ν = 1 (14.19) and (14.21) are satisfied by definition and with c2 ≥ 1, (14.18)
implies (14.22) for c4 ≥ 2c1 and (14.20) is empty. Next, we consider ν ≥ 2. By the
assumptions of the theorem and by (14.18), for δ small enough, we have that
‖ηj‖1,q,ε + ‖Ξj −Kε2(Ξ0)‖0,q,ε ≤ ε
3
q , j = 1, ..., ν − 1.
By lemma 14.3 and (14.22)
‖Ξj+1 − Ξj‖0,q,ε ≤c5‖ηj‖1,q,ε
≤c5c42−ν
(
‖Ξ−Kε2(Ξ)‖0,q,ε +
∥∥Πim dΞ0 (Ξ−Kε2(Ξ0))∥∥0,p,ε
)
and thus we have (14.19). Next,
d∗εΞ0 (Ξν+1 −Kε2(Ξ0)) = d∗εΞ0 (g∗νΞν − Ξν − dΞ0ην)
=d∗εΞ0 (g
∗
νΞν − Ξν − dΞνην) +
[
d∗εΞ0 (Ξν −Kε2(Ξ0)) ∧ ην
]
+
[
d∗εΞ0 (Kε2(Ξ0)− Ξ0) ∧ ην
]− ∗ε [∗ε (Ξν −Kε2(Ξ0)) ∧ dΞ0ην ]
− ∗ε [∗ε (Kε2(Ξ0)− Ξ0) ∧ dΞ0ην ]
and hence by the lemma (14.17) and by (14.18), (14.20), we can conclude (14.20).
By (14.17) and (14.20) we get
‖ην‖2,p,ε + ε 3p− 3q ‖ην‖1,q,ε
≤c1c3ε2− 3q ‖Ξν−1 −Kε2(Ξ0)‖0,q,ε
∥∥d∗εΞ0 (Ξν−1 −Kε2(Ξ0))∥∥Lp
+ c2c3ε
2− 3
p ‖dΞ0ην‖0,p,ε
and hence
‖ην‖2,p,ε + ε 3p− 3q ‖ην‖1,q,ε
≤c1c3ε− 3q ‖Ξν−1 −Kε2(Ξ0)‖0,q,ε
∥∥d∗εΞ0 (Ξν−1 −Kε2(Ξ0))∥∥Lp
+ c2c3ε
2− 3
p ‖ΠdΞ0 (Ξν−1 −Kε2(Ξ0))‖0,p,ε
and
ε2
∥∥d∗εΞ0 (Ξν −Kε2(Ξ0))∥∥Lp
≤2c3ε2− 3q ‖Ξν−1 −Kε2(Ξ0)‖0,q,ε
∥∥d∗εΞ0 (Ξν−1 −Kε2(Ξ0))∥∥Lp
+ c2c3ε
2− 3
p ‖ΠdΞ0 (Ξν−1 −Kε2(Ξ0))‖0,p,ε.
(14.23)
By (14.18) and (14.19)
‖η2‖1,q,ε ≤ c0c3 ‖Ξ−Kε2(Ξ0)‖0,q,ε
using (14.23)
‖ην‖1,q,ε ≤16c1c2c23δ2−ν ‖Ξν−1 −Kε2(Ξ0)‖0,q,ε
+ c2c3ε
2− 3
p ‖ΠdΞ0 (Ξν−1 −Kε2(Ξ0))‖0,p,ε.
(14.22) therefore holds for c4 = 1 whenever δ and ε are small enough. The lemma
14.3 with (14.17) and (14.18) implies
‖Ξν+1 − Ξν‖1,p,ε ≤ c6ε2
(
1 + ε−
3
p ‖Ξν −Kε2(Ξ0)‖1,p,ε
)∥∥d∗εΞ0 (Ξν − Ξ0)∥∥Lp
and thus, for δ sufficiently small,
‖Ξν − Ξ0‖1,p,ε ≤ ε
3
p + 2 ‖Ξ− Kε2(Ξ0)‖1,p,ε .
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The sequence converges therefore in W 1,p to a connection Ξε which satisfies the
condition d∗εΞ0 (Ξε − Ξ0) = 0 and the estimate (14.2). In addition, the sequence
hν := g1g2...gν satisfies h
∗
νΞ = Ξν and converges in G2,p0 (P × S1 × R) to a gauge
transformation g which satisfies g∗Ξ = Ξε. 
Proof of theorem 14.2. We follows the proof of the proposition 6.3 in [7] adapting
it for our needs. First, we consider the estimates
‖Ξ ◦ τσ −Kε2(Ξ0)‖1,p,ε ≤‖Ξ−Kε2(Ξ0)‖1,p,ε + ‖Kε2(Ξ0) ◦ τσ −Kε2(Ξ0)‖1,p,ε
≤‖Ξ−Kε2(Ξ0)‖1,p,ε + |σ| · ‖∂sKε2(Ξ0)‖1,p,ε ,
‖∇s (Ξ ◦ τσ −Kε2(Ξ0))‖0,p,ε ≤‖∇s (Ξ−Kε2(Ξ0))‖0,p,ε + c|σ| · ‖Ξ−Kε2(Ξ0)‖Lp
+ ‖∇s (Kε2(Ξ0) ◦ τσ)−∇sKε2(Ξ0)‖0,p,ε
≤‖∇s (Ξ−Kε2(Ξ0))‖0,p,ε + c|σ| · ‖Ξ−Kε2(Ξ0)‖Lp
+ c|σ| · ‖∂s∇sKε2(Ξ0)‖0,p,ε ,
‖∇t (Ξ ◦ τσ −Kε2(Ξ0))‖0,p,ε ≤‖∇t (Ξ−Kε2(Ξ0))‖0,p,ε + c|σ| · ‖Ξ−Kε2(Ξ0)‖Lp
+ ‖∇t (Kε2(Ξ0) ◦ τσ)−∇tKε2(Ξ0)‖0,p,ε
≤‖∇t (Ξ−Kε2(Ξ0))‖0,p,ε + c|σ| · ‖Ξ−Kε2(Ξ0)‖Lp
+ c|σ| · ‖∂s∇tKε2(Ξ0)‖0,p,ε ,
(14.24)
where, by the definitions of the section 9,
‖∂sKε2(Ξ0)‖1,p,ε ≤‖∂sΞ0‖1,p,ε + ‖∇s(Kε2(Ξ0)− Ξ0)‖1,p,ε
≤‖∂sΞ0‖1,p,ε + cε2,
‖∂s∇sKε2(Ξ0)‖0,p,ε ≤‖∂s∇sΞ0‖0,p,ε + ‖∇s∇s(Kε2(Ξ0)− Ξ0)‖Lp
+ ‖∇s(Kε2(Ξ0)− Ξ0)‖Lp + cε2 ≤ c,
‖∂s∇tKε2(Ξ0)‖0,p,ε ≤‖∂s∇tΞ0‖0,p,ε + ‖∇s∇t(Kε2(Ξ0)− Ξ0)‖Lp
+ ‖∇t(Kε2(Ξ0)− Ξ0)‖L∞ + cε2 ≤ c.
(14.25)
Therefore for |σ| ≤ δε 3p , ‖Ξ ◦ τσ −Kε2(Ξ0)‖1,p,ε ≤ δε
3
p for ε small enough, and thus
by theorem 14.1, there is a gauge transformation gσ ∈ G2,p0 (P × S1 × R) such that
for Ξσ = g
∗
σ (Ξ ◦ τσ), d∗εΞ0 (Ξσ −Kε2(Ξ0)) = 0 and
‖Ξσ −Kε2(Ξ0)‖1,p,ε ≤ c1
(
|σ|+ ‖Ξ−Kε2(Ξ0)‖1,p,ε
)
.
We assume that g0 = 1. We need to show that there is a σ such that Ξσ−Kε2(Ξ0) ∈
im Dε(Kε2(Ξ0))∗ and |σ| ≤ c2 ‖Ξ−Kε2(Ξ0)‖1,p,ε. The estimates (14.8)-(14.13) fol-
lows as (14.24) and (14.25) computing separately every component.
D0(Ξ0) is onto and has index 1; therefore its kernel is spanned by ξ0 = ∂sΞ0 ∈
W 1,p. Then Dε(Kε2(Ξ0)) has index 1 with the kernel spanned by
ξε = ξ0 −Dε(Kε2(Ξ0))∗ (Dε(Kε2(Ξ0))Dε(Kε2(Ξ0))∗)−1Dε(Kε2(Ξ0))ξ0.
Consider now the function θ(σ) = 〈ξε,Ξσ − Kε2(Ξ0)〉ε; thus, if θ(σ) = 0, then
Ξσ − Kε2(Ξ0) ∈ im Dε(Kε2(Ξ0))∗. We assume that there are positive constants δ0,
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ε0 and ρ0 such that, for 0 < ε < ε0,
(14.26) |σ|+ ‖Ξ−Kε2(Ξ0)‖1,p,ε ≤ δ0ε1−
4
p ⇒ θ′(σ) ≥ ρ0.
Then the existence of a zero for θ(σ) follows from
|θ(0)| = |〈ξε,Ξ−Kε2(Ξ0)〉ε| ≤ ‖ξε‖0,q,ε ‖Ξ−Kε2(Ξ0)‖0,p,ε ≤ c3δε1−
4
p
where q = pp−1 . In fact, if c3δ <
1
2δ0ρ0, δ ≤ 12δ0, then ‖Ξ−Kε2(Ξ0)‖1,p,ε ≤ 12δ0ε1−
4
p .
Therefore, by (14.26), there is a σ ∈ R with |σ| ≤ θ(0)ρ0 ≤ 12δ0ε
1− 4
p such that
θ(σ) = 0. For this σ, we have
|σ| ≤ c ‖Ξ−Kε2(Ξ0)‖1,p,ε , Ξσ −Kε2(Ξ0) ∈ im Dε(Kε2(Ξ0))∗.
Thus, in order to finish the proof of the theorem we need only to show (14.26).
Proof of (14.26). We define ησ = g
−1
σ (∂σgσ − ∂sgσ), then
(14.27) θ′(σ) = 〈ξε, ∂sΞσ + dΞσησ〉ε, ∂σd∗εΞ0 (Ξσ −Kε2(Ξ0)) = 0.
Thus,
(14.28) d∗εΞ0∂sΞσ + d
∗ε
Ξ0
dΞ0ησ + d
∗ε
Ξ0
[(Ξσ − Ξ0) ∧ ησ] = 0.
If ε−
3
p ‖Ξσ −Kε2(Ξ0)‖1,p,ε and ‖Kε2(Ξ0)− Ξ0‖1,∞,ε are sufficiently small, then there
is a unique ησ which satisfies (14.28), furthermore
‖ησ‖1,p,ε ≤c ‖∂sΞσ‖0,p,ε ≤ c
(
1 + ‖∂s (Ξσ − Ξ0)‖0,p,ε
)
≤c
(
1 + ‖∇s (Ξσ −Kε2(Ξ0))‖0,p,ε + ‖Ξσ − Kε2(Ξ0)‖0,p,ε
)
.
(14.29)
where the last step follows from the definition of Kε2 and the estimate (9.5). Since
d∗εΞ0ξε = 0, we have
|〈ξε, dΞσησ〉ε| = |〈ξε, [(Ξσ − Ξ0) ∧ ησ]〉ε|
≤c ‖Ξσ − Ξ0‖∞,ε ‖ησ‖0,p,ε
≤cε− 3p ‖Ξσ − Ξ0‖1,p,ε
(
1 + ‖∇s (Ξσ −Kε2(Ξ0))‖0,p,ε
)
+ cε−
3
p ‖Ξσ − Ξ0‖1,p,ε ‖Ξσ −Kε2(Ξ0)‖0,p,ε
≤cδ + cδε− 3p ε1− 4p ‖∇s (Ξσ −Kε2(Ξ0))‖0,p,ε .
where the second inequality follows from the Sobolev theorem 5.1 and from (14.29)
and the last one is a consequence of the assumptions. Next we consider
〈ξε, ∂sΞσ〉ε = 〈∂sξε,Kε2(Ξ0)− Ξσ〉ε + 〈ξε, ∂sKε2(Ξ0)〉ε,
Since ‖∂sΞ0‖0,2,ε ≥ 3ρ0 > 0 for some ρ0, 〈ξε, ∂sKε2(Ξ0)〉ε ≥ 2ρ0 by the definition
of ξε and thus 〈ξε, ∂sΞσ + dΞσησ〉ε > ρ0 for δ0 small enough. Hence, by (14.27)
θ′(σ) > ρ0. 

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15. Surjectivity of Rε,b
In this section we will show that the map Rε,b defined in the section 10 is also
surjective.
Theorem 15.1. We assume that the energy functional EH is Morse-Smale and we
choose b > 0 to be a regular value of EH . Then there is a constant ε0 > 0 such that
the following holds. For every ε ∈ (0, ε0), every pair Ξ± := A± + Ψ±dt ∈ CritbEH ,
the map
(15.1) Rε,b :M0 (Ξ−,Ξ+)→Mε
(T ε,b(Ξ−), T ε,b(Ξ+))
is surjective.
FA = 0
Ξ− Ξ+
T εν ,b(Ξ−)
T εν ,b(Ξ+)
Ξν2
αν− + ψ
ν
−dt
αν+ + ψ
ν
+dt
Ξν1
Ξν
Figure 3. Idea of the proof of theorem 15.1.
Proof. We prove the theorem indirectly. We assume that there is a sequence Ξν ∈
Mεν (T εν ,b(Ξ−), T εν ,b(Ξ+)), εν → 0, that is not in the image of Rεν ,b. Hence by
the theorems 11.1 and 12.1, for a positive constant c0,
‖∂sAν − dAνΦν‖L∞(Σ) + εν‖∂sΨ− ∂tΦ− [Ψ,Φ]‖L∞(Σ) ≤ c0,
ε2ν‖∂tAν − dAνΨν‖L∞(Σ) + ‖FAν‖L∞(Σ) + ‖dAνd∗AνFAν‖L2(Σ) ≤ c0ε2ν
(15.2)
and all the estimates of the theorem 13.3. The proof is structured in the following
way. In the first step, see figure 15.1, we will define a sequence Ξν1 which converges
to Ξ± for s→ ±∞ and in the following step we will project it on the space A0(P )
defining a new sequence Ξν2 ; then by the implicit function theorem 15.3 there is a
subsequence of Ξν2 which converges to a geodesic flow (step 3). Finally, after choos-
ing appropriate gauge transformations and time shifts (steps 4-6) we can show that
the sequence satisfies the assumptions of the local uniqueness theorem 10.2 (step
7) and therefore a subsequence turns out to lie in the image of Rε,b. This yields to
a contradiction.
Furthermore, we assume that there is a positive S0 such that Φ
ν = 0 for |s| ≥ S0.
In the general case, the Φν converge to 0 for |s| → ∞ in an exponential way and
hence we can find a sequence {g˜ν}ν∈N of gauge transformations such that g˜∗νΞν has
the above property. First, we pick the sequence {gν}ν∈N of gauge transformations
defined by g−1ν ∂sgν := Φν and we define
Aν±(s) + Ψ
ν
±(s)dt := g(s)
∗(Aν± +Ψ
ν
±dt),
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for Ξν± := A
ν
± + Ψ
ν
±dt := lims→±∞ Ξ
ν . Second, like in the section 10 we choose
a smooth positive function θ(s) = 0 for s ≤ 1 and θ(s) = 1 for s ≥ 2, such that
0 ≤ θ ≤ 1 and 0 ≤ ∂sθ ≤ c0 with c0 > 0 and we define a family of 1-forms αν0+ψν0dt
as
ξν0 = α
ν
0 + ψ
ν
0dt :=θ(−s)
(
(Aν− +Ψ
ν
−dt)−
(T εν ,b)−1 (Aν− +Ψν−dt))
+ θ(s)
(
(Aν+ +Ψ
ν
+dt)−
(T εν ,b)−1 (Aν+ +Ψν+dt)) ;(15.3)
in addition we denote
αν + ψνdt+ φνds := θ(−s) (Ξν − Ξν−)+ θ(s) (Ξν − Ξν+)
which satisfies the uniformly exponential convergence estimates of the theorem 13.3.
Step 1. We define Ξν1 = A
ν
1 + Ψ
ν
1dt + Φ
ν
1ds := Ξ
ν − ξν0 then there is a constant
c > 0 such that
‖∂tAν1 − dAν1Ψν1‖L∞(Σ) + ‖∂sAν1 − dAν1Φν1‖L∞(Σ) ≤ c(15.4)
‖FAν1 ‖L∞(Σ) + ε2ν
∥∥∥∇Ψν1t (∂tAν1 − dAν1Ψν1)
∥∥∥
Lp(Σ)
≤ cε2(15.5)
and for s ≥ 0
∂sA
ν
1 − dAν1Φν1 −∇
Ψν1
t
(
∂tA
ν
1 − dAν1Ψν1
)− ∗Xt(Aν1)
=− 1
ε2ν
d∗Aν1dA− α¯
ν
0,+ +
[
ψν0 ,
(
(∂tA
ν − dAνΨν)−
(
∂tA
ν
+ − dAν+Ψν+
))]
− 1
ε2ν
d∗Aν
(
FAν − FAν+
)
+
1
ε2ν
∗
[
αν ,
(
dA+
(
αν0 − α¯ν0,+
)
+
1
2
[αν0 ∧ αν0 ]
)]
+ (∗Xt(A+)− ∗Xt(Aν1)) +
(∗Xt(Aν)− ∗Xt(Aν+))
+
[
ψν ,
(
(∂tA
ν − dAνΨν)−
(
∂tA
ν
1 − dAν1Ψν1
))]
+∇Ψ+t ([ψν , αν0 ]− [αν , ψν0 ])
where α¯ν0,±(s) ∈ im d∗A±(s) are defined uniquely by
d∗A±dA± α¯
ν
0,± = ε
2
ν∇Ψ±t
(
∂tA± − dA±Ψ±
)
.
Proof of step 1. The estimates (15.4) and (15.5) follow from (15.2), from the in-
equalities of the theorem 1.1, the remark 1.2 and the Sobolev theorem A.1:
‖∂sAν1 − dAν1Φν1‖L∞(Σ) = ‖∂sAν − dAνΦν‖L∞(Σ) ≤ c,
‖∂tAν1 − dAν1Ψν1‖L∞(Σ) ≤‖∂tAν − dAνΨν‖L∞(Σ)
+ ‖∇Ψνt αν0‖L∞(Σ) + ‖dAν1ψν0‖L∞(Σ) ≤ c,
‖FAν1 ‖L∞(Σ) ≤ ‖FAν1‖L∞(Σ) + ‖dAν1αν0‖L∞(Σ) + c‖αν0‖L∞(Σ) ≤ c,∥∥∥∇Ψν1t (∂tAν1 − dAν1Ψν1)
∥∥∥
Lp(Σ)
≤
∥∥∥∇Ψνt (∂tAν − dAνΨν)∥∥∥
Lp(Σ)
+ c
≤ 1
ε2ν
‖d∗AνFAν‖Lp(Σ) + ‖∂sAν − dAνΨν‖Lp(Σ) + c ≤ c
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where for the last estimate we use also the Yang-Mills flow equation (4.2). In order
to prove the identity, we first remark that
∂sA
ν
1 − dAν1Φν1 −∇
Ψν1
t
(
∂tA
ν
1 − dAν1Ψν1
)− ∗Xt(Aν1)
=∂sA
ν − dAνΦν −∇Ψνt (∂tAν − dAνΨν)− ∗Xt(Aν)
+ ∗Xt(Aν)− ∗Xt(Aν1) + [ψν0 , (∂tAν − dAνΨν)]
+∇Ψν1t
(
(∂tA
ν − dAνΨν)−
(
∂tA
ν
1 − dAν1Ψν1
))
;
(15.6)
next, in order to simplify the exposition, we consider s ≥ 0, for a negative s the
proof is analogous. Since Ξν is a Yang-Mills flow, we have
∂sA
ν
1 − dAν1Φν1 −∇
Ψν1
t
(
∂tA
ν
1 − dAν1Ψν1
)− ∗Xt(Aν1)
=− 1
ε2ν
d∗AνFAν +
[
ψν0 ,
(
∂tA
ν
+ − dAν+Ψν+
)]
+
[
ψν0 ,
(
(∂tA
ν − dAνΨν)−
(
∂tA
ν
+ − dAν+Ψν+
))]
+
[
ψν ,
(
(∂tA
ν − dAνΨν)−
(
∂tA
ν
1 − dAν1Ψν1
))]
+∇Ψ+t
(
(∂tA
ν − dAνΨν)−
(
∂tA
ν
1 − dAν1Ψν1
))
+ (− ∗Xt(Aν1) + ∗Xt(Aν)) .
Furthermore, since[
ψν0 ,
(
∂tA
ν
+ − dAν+Ψν+
)]
+∇Ψ+t
(
(∂tA
ν − dAνΨν)−
(
∂tA
ν
1 − dAν1Ψν1
))
=+∇Ψ
ν
+
t
(
∂tA
ν
+ − dAν+Ψν+
)
−∇Ψ+t
(
∂tA+ − dA+Ψ+
)
+∇Ψ+t ([ψν , αν0 ]− [αν , ψν0 ])
=
1
ε2ν
d∗Aν+FAν+ − ∗Xt(A
ν
+)−
1
ε2ν
d∗A+dA+ α¯
ν
0,+
+ ∗Xt(A+) +∇Ψ+t ([ψν , αν0 ]− [αν , ψν0 ])
where the last identity follows from the equations for the perturbed geodesics (1.3)
and for the perturbed Yang-Mills connections (1.6). Thus,
∂sA
ν
1 − dAν1Φν1 −∇
Ψν1
t
(
∂tA
ν
1 − dAν1Ψν1
)− ∗Xt(Aν1)
=− 1
ε2ν
d∗AνFAν +
1
ε2ν
d∗Aν+FAν+ −
1
ε2ν
d∗A+dA+ α¯
ν
0,+
+∇Ψ+t ([ψν , αν0 ]− [αν , ψν0 ])
+
[
ψν0 ,
(
(∂tA
ν − dAνΨν)−
(
∂tA
ν
+ − dAν+Ψν+
))]
+ (− ∗Xt(Aν1) + ∗Xt(A+)) +
(∗Xt(Aν)− ∗Xt(Aν+))
+
[
ψν ,
(
(∂tA
ν − dAνΨν)−
(
∂tA
ν
1 − dAν1Ψν1
))]
Next, the first step then follows directely using the identities
d∗AνFAν = d
∗
Aν (FAν − FAν+)− ∗
[
αν , ∗
(
dA+α
ν
0 +
1
2
[αν0 ∧ αν0 ]
)]
+ d∗Aν+FAν+ ,
− 1
ε2ν
d∗A+dA+ α¯
ν
0,+ = −
1
ε2ν
d∗Aν1dA+ α¯
ν
0,+ −
1
ε2ν
∗ [αν , ∗dA+ α¯ν0,+].
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
Since FAν1 + dAν1α
ν
0 +
1
2 [α
ν
0 ∧ αν0 ] = FAν , dA+αν0 + 12 [αν0 ∧ αν0 ] = FAν+ for s ≥ 2,
we have
(15.7) FAν1 = FAν − FAν+ − [αν ∧ αν0 ] , for s ≥ 2,
and thus we can estimate the norm of FAν1 , for any q ≥ 2, by
(15.8)
∥∥FAν1∥∥Lq(Σ) ≤
∥∥∥FAν − FAν+
∥∥∥
Lq(Σ)
+ ‖[αν ∧ αν0 ]‖Lq(Σ)
for s ≥ 2.
Step 2. There are two positive constants c and δ such that the following holds. For
every Ξν there is a connection Ξν2 := A
ν
2 +Ψ
ν
2dt+Φ
ν
2ds = Ξ
ν
1 + α
ν
1 + ψ
ν
1dt+ φ
ν
1ds,
αν1 ∈ im d∗Aν1 , which satisfies
i) FAν2 = 0, ii) d
∗
Aν2
(∂tA
ν
2 − dAν2Ψν2) = 0,
iii) d∗Aν2 (∂sA
ν
2 − dAν2Φν2) = 0, iv) ‖αν1(s)‖L∞(Σ) ≤ ce(θ(−s)−θ(s))δsε
2− 1
p
ν
v)
∥∥πAν2 (F0 (Ξν2))∥∥Lp ≤ cε1− 1pν , vi) ∥∥πAν2 (F0 (Ξν2))∥∥Lp(Σ) ≤ cε1− 1pν ,
vii) lims→±∞ Ξν2 = Ξ±.
Proof of step 2. By the the first step we know that ‖FAν1‖L∞ ≤ cε2 and thus, for ε
small enough, the lemma B.2 allows us to find a positive constant c such that for
any Aν1 there is a unique 0-form γ
ν such that
(15.9) FAν1+∗dAν1 γν = 0,
∥∥dAν1γν∥∥L∞(Σ) ≤ c ∥∥FAν1∥∥L∞(Σ) ≤ cε2ν .
and Ψν2 , Φ
ν
2 are then uniquely given by
(15.10) d∗Aν2
(
∂tA
ν
2 − dAν2Ψν2
)
= 0, d∗Aν2
(
∂sA
ν
2 − dAν2Φν2
)
= 0.
Therefore i), ii) and iii) are satisfied. By (15.8), (15.9) one can remark that
‖αν1(s)‖L∞(Σ) ≤ ce(θ(−s)−θ(s))δsε
2− 1
p
ν
using the a priori estimate of the theorem 13.3. In order to show the inequalities
v) and vi) of the second step, we consider
∂sA
ν
2 − dAν2Φν2 −∇
Ψν2
t
(
∂tA
ν
2 − dAν2Ψν2
)− ∗Xt(Aν2)
=∂sA
ν
1 − dAν1Φν1 −∇
Ψν1
t
(
∂tA
ν
1 − dAν1Ψν1
)− ∗Xt(Aν1)
+∇Φν1s αν1 − dAν1φν1 − [αν1 , φν1 ]−
[
ψν1 ,
(
∂tA
ν
1 − dAν1Ψν1
)]
−∇Ψν1t
(
∇Ψν1t αν1 − dAν1ψν1 − [αν1 , ψν1 ]
)
− (∗Xt(Aν2)− ∗Xt(Aν1))
and we remark that
∇Ψν1t ∇Ψ
ν
1
t α
ν
1 =∇Ψ
ν
1
t ∇Ψ
ν
1
t ∗ dAν1γν
= ∗ dAν2∇
Ψν1
t ∇Ψ
ν
1
t γ
ν + ∗∇Ψν1t
[(
∂tA
ν
1 − dAν1Ψν1
)
, γν
]
+ ∗
[(
∂tA
ν
1 − dAν1Ψν1
)
,∇Ψν1t γν
]
− ∗
[
αν1 ,∇Ψ
ν
1
t ∇Ψ
ν
1
t γ
ν
]
,
∇Ψν1t dAν1ψν1 = dAν2∇
Ψν1
t ψ
ν
1 −
[
αν1 ,∇Ψ
ν
1
t ψ
ν
1
]
+
[(
∂tA
ν
1 − dAν1Ψν1
)
, ψν1
]
,
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∇Φν1s αν1 = ∗dAν2∇
Φν1
s γ
ν + ∗ [(∂sAν1 − dAn1 uΦν1) , γν]+ ∗ [αν1 ,∇Φν1s γν] .
Using the first step, the next lemma and the the uniformly exponential convergence
estimates of the theorem 13.3, we can conclude that∥∥∥πAν2 (∂sAν2 − dAν2Ψν2 −∇Ψν2t (∂tAν2 − dAν2Ψν2)− ∗Xt(Aν2))
∥∥∥
Lp
≤ cε1−
1
p
ν ,∥∥∥πAν2 (∂sAν2 − dAν2Ψν2 −∇Ψν2t (∂tAν2 − dAν2Ψν2)− ∗Xt(Aν2))
∥∥∥
Lp(Σ)
≤ cε1−
1
p
ν .

Lemma 15.2. There are two positive constants c and ε0 such that
εν
∥∥∥∇Ψν2t αν1∥∥∥
Lp
+ εν
∥∥∥∇Ψν2t γν∥∥∥
Lp
+ ε2ν
∥∥∥∇Ψν2t ∇Ψν2t γν∥∥∥
Lp
≤ cε2−
1
p
ν ,
εν
∥∥∥∇Ψν2t αν1∥∥∥
Lp(Σ)
+ εν
∥∥∥∇Ψν2t γν∥∥∥
Lp(Σ)
+ ε2ν
∥∥∥∇Ψν2t ∇Ψν2t γν∥∥∥
Lp(Σ)
≤ cε2−
1
p
ν ,∥∥dAν2φν1∥∥Lp +
∥∥∥∇Φν2s αν1∥∥∥
Lp
+
∥∥∥∇Φν2s γν∥∥∥
Lp
≤ cεν ,∥∥dAν2φν1∥∥Lp(Σ) +
∥∥∥∇Φν2s αν1∥∥∥
Lp(Σ)
+
∥∥∥∇Φν2s γν∥∥∥
Lp(Σ)
≤ cεν ,
‖ψν1‖L∞(Σ) + ‖dAν2ψν1‖L∞(Σ) + εν
∥∥∥∇Ψν2t ψν1∥∥∥
Lp(Σ)
+ εν
∥∥∥∇Ψν2t ψν1∥∥∥
Lp
≤ cε1−
1
p
ν ,∥∥∂sAν2 − dAν2Φν2∥∥Lp(Σ) ≤ ceδ(θ(−s)−θ(s))s, ∥∥∂tAν2 − dAν2Ψν2∥∥Lp(Σ) ≤ c,
for any 0 < εν < ε0.
Proof of lemma 15.2. The first estimate of the lemma can be obtained deriving by
∇Ψν1t the identity
(15.11) dAν1 ∗ dAν1γν = FAν1 −
1
2
[∗dAν1γν ∧ ∗dAν1γν] ;
Then, by the commutation formula 2.4 and the theorem 11.1
(15.12)
∥∥∥dAν1 ∗ dAν1∇Ψν1t γν
∥∥∥
L2(Σ)
≤ c
(∥∥∥∇Ψν1t FAν1
∥∥∥
L2(Σ)
+ ‖αν1‖L∞(Σ)
)
≤ cε1−
1
p
ν
or by the theorem 13.3 for |s| ≥ 2∥∥∥dAν1 ∗ dAν1∇Ψν1t γν
∥∥∥
L2(Σ)
≤c
(∥∥∥∇Ψν1t FAν1
∥∥∥
L2(Σ)
+ ‖αν1‖L∞(Σ)
)
≤c
∥∥∥∇Ψν1t (FAν − FAν+)
∥∥∥
L2(Σ)
+ c
(∥∥∥∇Ψν1t [α ∧ αν0 ]∥∥∥
L2(Σ)
+ ‖αν1‖L∞(Σ)
)
≤ce(θ(−s)−θ(s))δsε1−
1
p
ν ,
(15.13)
where for the second estimate we used (15.7) and for the last one from the theorem
13.3. Analogously, if we derive (15.11) twice by ∇Ψν1t , then we obtain
(15.14)
∥∥∥dAν1 ∗ dAν1∇Ψν1t ∇Ψν1t γν
∥∥∥
L2(Σ)
≤ cε−
1
p
ν ,
(15.15)
∥∥∥dAν1 ∗ dAν1∇Ψν1t ∇Ψν1t γν
∥∥∥
L2(Σ)
≤ ce(θ(−s)−θ(s))δsε−
1
p
ν .
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In fact since∥∥∥∇Ψν1t ∇Ψν1t FAν1
∥∥∥
L2(Σ)
=
∥∥∥∇Ψν1t ∇Ψν1t (FAν − FAν+ − [αν ∧ αν0 ])
∥∥∥
L2(Σ)
,
∥∥∥∇Ψν1t ∇Ψν1t FAν1
∥∥∥
L2(Σ)
≤ c
by theorem 11.1 and by the estimates on the 1-forms α0 + ψ0dt and α1 and if we
consider the estimates of the theorem 13.3 we get
∥∥∥∇Ψν1t ∇Ψν1t FAν1
∥∥∥
L2(Σ)
≤ ce(θ(−s)−θ(s))δsε−
1
p
ν .
Thus , we can also conclude that by (15.12) and (15.14) and the commutation
formula (2.4)
(15.16) εν
∥∥∥∇Ψν1t αν1∥∥∥
Lp(Σ)
+ ε2ν
∥∥∥∇Ψν1t ∇Ψν1t αν1∥∥∥
Lp(Σ)
≤ cε2−
1
p
ν
and by (15.13) and (15.15) and the commutation formula (2.4)
εν
∥∥∥∇Ψν1t αν1∥∥∥
Lp(Σ)
+ ε2ν
∥∥∥∇Ψν1t αν1∥∥∥
Lp(Σ)
≤ ce(θ(−s)−θ(s))δsε2−
1
p
ν .
Next, we can derive
FAν + dAν
(∗dAν1γν − αν0)+ 12 [(∗dAν1γν − αν0) ∧ (∗dAν1γν − αν0)] = 0
by ∇s and we obtain
dAν ∗ dAν∇Ψνs γν =−∇Ψ
ν
s FAν − dAν∇Ψ
ν
s ∗ [αν0 , γν]
+ [(∂sA
ν − dAνΦν) , αν0 ]
− [(∂sAν − dAνΦν) ∧ ∗dAνγν ]− dAν ∗ [(∂sAν − dAνΦν) , γν ]
−
[
∗
(
∇Ψνs dAν1γν
)
∧ (∗dAν1γν − αν0)]
and thus we can conclude that∥∥∥dAν ∗ dAν∇Ψνs γν∥∥∥
L2(Σ)
≤ c ‖∇sFAν‖L2(Σ) + cε
2− 1
p
ν e
δs ≤ cενeθ(−s)δse−θ(s)δs
by theorem 13.3 and hence ‖∇sαν1‖Lp ≤ cεν . In order to prove the other estimates
we need to use the definitions of Ψ2 and Φ2 and to expand the identity. On the
one hand,
0 =d∗Aν2
(
∂tA
ν
2 − dAν2Ψν2
)
=− d∗Aν2dAν2ψ
ν
1 − ∗
[
αν1 ∧ ∗
(
∂tA
ν
1 − dAν1Ψν1
)]
+ d∗Aν2∇
Ψν1
t α
ν
1 + d
∗
Aν1
(
∂tA
ν
1 − dAν1Ψν1
)
;
(15.17)
80 RE´MI JANNER
where the last term can be written in the following way:
d∗Aν1
(
∂tA
ν
1 − dAν1Ψν1
)
=d∗Aν (∂tA
ν − dAνΨν) + d∗Aν1
(
∇Ψνt αν0 − dAνψν0 − [αν0 , ψν0 ]
)
− ∗ [αν0 ∧ ∗ (∂tAν − dAνΨν)]
=d∗Aν (∂tA
ν − dAνΨν)− ∗
[
αν ∧ ∗
(
∇Ψ
ν
−
t α
ν
0 − dAν−ψν0 − [αν0 , ψν0 ]
)]
+ d∗Aν−
(
−∇Ψ
ν
−
t α
ν
0 + dAν−ψ
ν
0 − [αν0 , ψν0 ]
)
+ ∗
[
αν0 ∧ ∗
(
∂tA
ν
− − dAν−Ψν−
)]
+ ∗
[
αν0 ∧ ∗
(
−∇Ψ
ν
−
t α
ν
0 + dAν−ψ
ν
0 − [αν0 , ψν0 ]
)]
+ d∗Aν1 (−[ψ
ν , αν0 ] + [α
ν , ψν0 ])
+ ∗
[
αν0 ∧ ∗
(
(∂tA
ν − dAνΨν)−
(
∂tA
ν
− − dAν−Ψν−
))]
where the second and the third line of the last expression vanish because they can
be written as
d∗Aν−
(
∂tA
ν
− − dAν−Ψν−
)
− d∗A−
(
∂tA− − dA−Ψ−
)
= 0
by the condition for the perturbed geodesics (1.1) and the equation for the per-
turbed Yang-Mills connections (1.7). Thus
d∗Aν1
(
∂tA
ν
1 − dAν1Ψν1
)
=d∗Aν (∂tA
ν − dAνΨν)− ∗
[
αν ∧ ∗
(
∇Ψ
ν
−
t α
ν
0 − dAν−ψν0 − [αν0 , ψν0 ]
)]
+ d∗Aν1 (−[ψ
ν , αν0 ] + [α
ν , ψν0 ])
+ ∗
[
αν0 ∧ ∗
(
(∂tA
ν − dAνΨν)−
(
∂tA
ν
− − dAν−Ψν−
))]
=:d∗Aν (∂tA
ν − dAνΨν) +Dν
and
(15.18)
∥∥∥d∗Aν1 (∂tAν1 − dAν1Ψν1)
∥∥∥
Lp
≤ cε1−
1
p
ν .
Furthermore for the term d∗Aν2∇
Ψν1
t α
ν
1 we have
d∗Aν2∇
Ψν1
t α
ν
1 =∇Ψ
ν
t d
∗
Aν ∗ dAνγν − ∗
[
αν1 ∧ ∗∇Ψ
ν
1
t α
ν
1
]
− ∗ [(∂tAν1 − dAν1Ψν1) ∧ ∗αν1]
= ∗ [FAν ,∇Ψνt γν ] + ∗[∇Ψ
ν
t FAν , γ
ν ]− ∗
[
αν1 ∧ ∗∇Ψ
ν
1
t α
ν
1
]
− ∗ [(∂tAν1 − dAν1Ψν1) ∧ ∗αν1] .
Therefore, estimating term by term (15.17) we obtain
(15.19)∥∥∥d∗Aν1dAν1ψν1
∥∥∥
Lp(Σ)
≤ cε1−
1
p
ν or
∥∥∥d∗Aν1dAν1ψν1
∥∥∥
Lp(Σ)
≤ ce(θ(−s)−θ(s))δsε1−
1
p
ν
and hence by (15.4), (15.9), (15.16) and (15.19)
‖∂tAν2 − dAν2Ψν2‖Lp(Σ) ≤ c.
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Analogously, deriving d∗Aν2
(
∂tA
ν
2 − dAν2Ψν2
)
by ∇Ψν2t we can obtain ε2ν
∥∥∥∇Ψν2t ψν∥∥∥
Lp
≤
ε
2− 1
p
ν using∥∥∥∇Ψνt d∗Aν (∂tAν − dAνΨν)∥∥∥
Lp(Σ)
≤
∥∥∥d∗Aν∇Ψνt (∂tAν − dAνΨν)∥∥∥
Lp(Σ)
= ‖d∗A (∂sAν − dAνΦν)‖Lp(Σ)
≤ce(θ(−s)−θ(s))δsεν
by the commutation formula (2.5), by the identities
[(∂sA
ν − dAνΦν) ∧ ∗ (∂sAν − dAνΦν)] = 0, [FAν , ∗FAν ] = 0,
by the Yang-Mills flow equation (4.2) and by the theorem 13.3. On the other hand,
since Ξν is a Yang-Mills flow and d∗A2ν
(
∂sA
ν
2 − dAν2Φν2
)
= 0, we can estimate∥∥∥d∗Aν (∂sAν − dAνΦν)− d∗A2ν (∂sAν2 − dAν2Φν2)
∥∥∥
Lp(Σ)
≤ ce(θ(−s)−θ(s))δsεν
by the theorem 13.3 and the estimates computed so far; thus
d∗Aν2dAν2φ
ν
1 =− d∗Aν (∂sAν − dAνΦν) + d∗A2ν
(
∂sA
ν
2 − dAν2Φν2
)
− ∗ [(αν0 + αν1) ∧ ∗ (∂sAν − dAνΦν)] + d∗Aν2∇
Φν
s α
ν
1
=− d∗Aν (∂sAν − dAνΦν)
− ∗ [(αν0 + αν1) ∧ ∗ (∂sAν − dAνΦν)]
+ d∗Aν1 [ψ0, α1] +
[
αν1 ∧ ∗∇Φ
ν
s α
ν
1
]
+∇Φν1s ∗
[
FAν1 , γ
ν
]
+ ∗ [(∂sAν1 − dAν1Φν1) ∧ ∗αν1]
and this implies that ‖dAφν1‖Lp ≤ cε1−
1
p , ‖dAφν1‖Lp ≤ ce(θ(−s)−θ(s))δsε1−
1
p for
|s| ≥ 2 and ‖∂sAν2 − dAν2Φν2‖Lp(Σ) ≤ ce(θ(−s)−θ(s))δs. 
Weber proved the following theorem (cf. [17], theorem 1.12)
Theorem 15.3 (Implicit function theorem). Fix a perturbation H : LM → R
that satisfies (3.1). Assume EH is Morse and that D0u is onto for every u ∈
M0(x−, x+;H) and every pair x± ∈ CritbEH . Fix two critical points x± ∈ CritbEH
with Morse index difference one. Then, for all c0 > 0 and p > 2, there exist positive
constants δ0 and c such that the following holds. If u : R × S1 → M is a smooth
map such that lims→±∞ u(s, ·) = x±(·) exists, uniformly in t, and such that
(15.20) |∂su(s, t)| ≤ c0
1 + s2
, |∂tu(s, t)| ≤ c0, |∇t∂tu(s, t)| ≤ c0
for all (s, t) ∈ R× S1 and
(15.21) ‖∂su−∇t∂tu− gradH(u)‖Lp ≤ δ0.
Then there exist elements u0 ∈ M0(x−, x+;H) and ξ ∈ im (D0u0)∗∩Wu0 satisfying4
(15.22) u = expu0(ξ), ‖ξ‖Wu0 ≤ c‖∂su−∇t∂tu− gradH(u)‖Lp .
4The norm ‖ξ‖Wu0 sums the the norms ‖ξ‖L
p , ‖∇tξ‖Lp ,‖∇t∇tξ‖Lp ,‖∇sξ‖Lp and the space
Wu0 is completion of the space of smooth, compactly supported, vector fields along u0 respect to
the norm ‖ · ‖Wu0 .
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Remark 15.4. The third condition of (15.20) follows from the first one and, for a
positive constant c1,
|∂su−∇t∂tu− gradH(u)| ≤ c1;
therefore, in our case all the assumptions are satisfied by the second step and by
the lemma 15.2.
Step 3. We choose p > 4. There are ε0, c > 0 such that the following holds. If εν <
ε0, then there is a smooth map A
ν
3 : R
2 → A0(P ) such that [Aν3 ] ∈M0(Ξ−,Ξ+),
(15.23) d∗Aν3 (A
ν
3 −Aν2) = 0,
(15.24) ‖Aν3 −Aν2‖Lp + ‖Aν3 −Aν2‖L∞ ≤ cε
1− 1
p
ν
(15.25)
∥∥(∂tAν3 − dAν3Ψν3)− (∂tAν2 − dAν2Ψν2)∥∥Lp ≤ cε1− 1pν
(15.26)
∥∥(∂sAν3 − dAν3Φν3)− (∂sAν2 − dAν2Φν2)∥∥Lp ≤ cε1− 1pν
where Ψν3 and Φ
ν
3 are defined uniquely by
d∗Aν3
(
∂tA
ν
3 − dAν3Ψν3
)
= 0 and d∗Aν3
(
∂sA
ν
3 − dAν3Φν3
)
= 0.
Proof of step 3. The third step follows directly from the theorem 15.3. The condi-
tion (15.23) can be reached using the local slice theorem (theorem 8.1 in [18]). 
Step 4. We choose p > 4. There are ε0, c > 0 such that the following holds. If εν <
ε0, then there is a smooth map A
ν
4 : R
2 → A0(P ) such that [Aν4 ] ∈M0(Ξ−,Ξ+),
(15.27) d∗Aν4 (A
ν
4 −Aν1) = 0,
(15.28) ‖Aν4 −Aν1‖Lp + ‖Aν4 −Aν1‖L∞ ≤ cε
1− 1
p
ν
(15.29)
∥∥(∂tAν4 − dAν4Ψν4)− (∂tAν1 − dAν1Ψν1)∥∥Lp ≤ cε1− 1pν
(15.30)
∥∥(∂sAν4 − dAν4Φν4)− (∂sAν1 − dAν1Φν1)∥∥Lp ≤ cε1− 1pν
where Ψν4 and Φ
ν
4 are defined uniquely by
d∗Aν4
(
∂tA
ν
4 − dAν4Ψν4
)
= 0 and d∗Aν4
(
∂sA
ν
4 − dAν4Φν4
)
= 0.
Proof of step 4. By the previous two steps and the lemma 15.2 we can conclude
that
‖Aν3 −Aν1‖Lp + ‖Aν3 −Aν1‖L∞ ≤ cε
1− 1
p
ν ,∥∥(∂sAν3 − dAν3Φν3)− (∂sAν1 − dAν1Φν1)∥∥Lp ≤ cε1− 1pν .
Since
d∗Aν3 (A
ν
3 −Aν1) =d∗Aν3 (A
ν
3 −Aν2) + d∗Aν3α
ν
1
= ∗ dAνdAνγν − ∗[(Aν3 −Aν2) ∧ αν1 ],
dAν (A
ν
1 −Aν2) = FAν1 −
1
2
[(Aν1 −Aν3) ∧ (Aν1 −Aν3)]
hold, we obtain∥∥∥d∗Aν3 (Aν3 −Aν1)
∥∥∥
Lp(Σ)
+ εν
∥∥dAν3 (Aν3 −Aν1)∥∥Lp(Σ) ≤ cε3− 2pν .
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Thus, by the local gauge theorem there are maps gν : R
2 → G2,p0 (P ) such that
d∗Aν1 (g
∗
νA
ν
3 −Aν1) = 0, ‖g∗νAν3 −Aν1‖W 1,p(Σ) ≤ c ‖Aν3 −Aν1‖W 1,p(Σ) ;
then we conclude the proof of the fourth step defining Aν4 := g
∗
νA
ν
3 . 
Step 5. For two positive constants c, ε0, 0 < ε < ε0, Ξ
ν
4 := A
ν
4 + Ψ
ν
4dt + Φ
ν
4ds ∈
M0 (Ξ−,Ξ+) satisfies
(15.31)
∥∥(1− πAν4 ) (Ξν1 − Ξν4)∥∥Ξν4 ,1,p,εν + εν‖dAν4∇Ψν4t (Ψν1 −Ψν4)‖ ≤ cε2−
2
p
ν ,
(15.32)
∥∥πAν4 (Aν1 −Aν4)∥∥Ξν4 ,1,p,1 ≤ cε1−
1
p
ν .
Proof of step 5. Since d∗Aν4 (A
ν
1 −Aν4) = 0 and
dAν4 (A
ν
1 −Aν4) = FAν1 −
1
2
[(Aν1 −Aν4) ∧ (Aν1 −Aν4)] ,
by lemma B.1∣∣∣∣(1 − πAν4 ) (Aν1 −Aν4)∣∣∣∣Lp + ∣∣∣∣dAν4 (Aν1 −Aν4)∣∣∣∣Lp ≤ cε2− 2pν .
By (15.27) we have
d∗Aν4∇
Ψν4
t (A
ν
1 −Aν4) = ∗
[(
∂tA
ν
4 − dAν4Ψν4
) ∧ ∗ (Aν1 −Aν4)]
d∗Aν4∇
Φν4
s (A
ν
1 −Aν4) = ∗
[(
∂sA
ν
4 − dAν4Ψν4
) ∧ ∗ (Aν1 −Aν4)] ,
and by the properties and definitions of the connections
d∗Aν4
(
∂tA
ν
4 − dAν4Ψν4
)
= 0, d∗Aν4
(
∂sA
ν
4 − dAν4Φν4
)
= 0,
d∗Aν1
(
∂tA
ν
1 − dAν1Ψν1
)
= d∗Aν (∂tA
ν + dAνΨ
ν) +Dν ,
d∗Aν1
(
∂sA
ν
1 − dAν1Φν1
)
= d∗Aν (∂sA
ν + dAνΦ
ν)− [αν0 , (∂sAν − dAνΦν)] ,
where Dν is defined in the proof of the lemma 15.2. Hence we have
d∗Aν4dAν4 (Ψ
ν
4 −Ψν1) =d∗Aν1
(
∂tA
ν
1 − dAν1Ψν1
)
+ ∗ [(Aν1 −Aν4) ∧ ∗ (∂tAν1 − dAν1Ψν1)]
− d∗Aν4
(
∇Ψν4t (Aν1 −Aν4)− [(Aν1 −Aν4) , (Ψν1 −Ψν4)]
)
=d∗Aν1
(
∂tA
ν
1 − dAν1Ψν1
)
+ ∗ [(Aν1 −Aν4) ∧ ∗ (∂tAν1 − dAν1Ψν1)]
− ∗ [(∂tAν4 − dAν4Ψν4) ∧ ∗ (Aν1 −Aν4)]
+ ∗ [∗ (Aν1 −Aν4) ∧ dAν4 (Ψν1 −Ψν4)] ,
(15.33)
d∗Aν4dAν4 (Φ
ν
4 − Φν1) =d∗Aν1
(
∂sA
ν
1 − dAν1Φν1
)
+ ∗ [(Aν1 −Aν4) ∧ ∗ (∂sAν − dAνΦν)]
− ∗ [(∂sAν4 − dAν4Φν4) ∧ ∗ (Aν1 −Aν4)]
+ ∗ [∗ (Aν1 −Aν4) ∧ dAν4 (Φν1 − Φν4)]
(15.34)
and thus by the first step, (15.18), the a priori estimates for a geodesics flow (3.3)-
(3.3) and the a priori estimates of the theorem 13.3, we obtain∥∥∥d∗Aν4dAν4 (Ψν4 −Ψν1)
∥∥∥
Lp
+
∥∥∥d∗Aν4dAν4 (Φν4 − Φν1)
∥∥∥
Lp
≤ cε1−
1
p
ν
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By the lemma B.1, the estimates (15.29), (15.30) and the triangular inequality, we
have also that
εν ‖Ψν4 −Ψν1‖Lp + εν ‖Φν4 − Φν1‖Lp ≤ cε
2− 1
p
ν ,
εν
∥∥dAν4 (Ψν4 −Ψν1)∥∥Lp + εν ∥∥dAν4 (Φν4 − Φν1)∥∥Lp ≤ cε2− 1pν ,
εν
∥∥∥∇Ψν4t (Aν4 −Aν1)∥∥∥
Lp
+ εν
∥∥∥∇Ψν4s (Aν4 −Aν1)∥∥∥
Lp
≤ cε2−
1
p
ν .
Furthermore, deriving by ∇Φν4s and by ∇Ψ
ν
4
t the identities (15.33) and (15.34), we
can obtain the other estimates needed for (15.31). 
Step 6. We choose p > 10. Then there are ε0, c > 0 such that the following
holds. There are two sequences gν ∈ G2,p0 (P × S1 × R) and sν ∈ R such that
Ξν5 := g
∗
νΞ
ν
4(t, s+ sν) = A
ν
5 +Ψ
ν
5dt+Φ
ν
5ds satisfy
(15.35) d
∗εν
Ξν5
(Ξν −Kεν2 (Ξν5)) = 0, Ξε −Kεν2 (Ξν5) ∈ im Dεν (Kεν2 (Ξν5))∗
(15.36)
∥∥(1− πAν5 ) (Ξν1 − Ξν5)∥∥Ξν5 ,1,p,εν ≤ cε2−
2
p
ν ,
(15.37)
∥∥πAν5 (Aν1 −Aν5)∥∥Ξν5 ,1,p,1 ≤ cε1−
1
p
ν .
Remark 15.5. In the sixth step we use the connection K2(Ξν4) introduced in the
section 9; the definition of the 1-form αε0 + ψ
ε
0dt in that section is not the same as
(15.3) even is we consider that this holds. In fact, one can replace the definition
(9.1) by
α
ε
0(s) + ψ
ε
0(s)dt :=θ(−s)(h(s)g(s))
−1(T ε,b(A− +Ψ−dt)− (A− +Ψ−dt))h(s)g(s)
+ θ(s)(h(s)g(s))−1(T ε,b(A+ +Ψ+dt)− (A+ +Ψ+dt))h(s)g(s),
where g(s) is defined as in (9.2) and h by h−1∂sh = g(Φν − Φν4)g−1. In this case,
(hg)−1∂s(hg) = g−1(h−1∂sh)g + g−1∂sg = Ψν . With this change all the theorems
proved for Kε2 continues to hold.
Proof of step 6. Step 5 and the theorem 9.1 tells us that
‖Ξν −K2(Ξν4)‖Ξν4 ,1,p,εν ≤ cε
1− 3
p
ν ≤ δε1−
4
p
ν ,
ε2
∥∥∥∇Φν4s (Ξν −K2(Ξν4))∥∥∥
0,p,εν
≤ cε2−
3
p
ν ≤ cε1+
7
p
ν
for cε
1
p ≤ δ where δ is given by the theorem 14.2. Then by theorem 14.2, there is
a sequence gν ∈ G2,p0 (P × S1 × R), σν ∈ R such that
d∗εΞν4 (g
∗
ν(Ξ
ν ◦ ρσν )− K2(Ξν4)) = 0,
g∗ν(Ξ
ν ◦ ρσν )−K2(Ξν4) ∈ im (Dε(K2(Ξν4)))∗ .
We define Ξν5 by (g
−1
ν )
∗Ξν4 ◦ρ−σν . By the step 5, the theorem 14.2 and the triangular
inequality we have
‖Ξν1 − Ξν5‖Ξν5 ,1,p,εν ≤ cε
1− 2
p
ν ,
εν
∥∥∥∇Ψν5t (Aν1 −Aν5)∥∥∥
Lp
+ ε2ν
∥∥∥∇Ψν5t (Ψν1 −Ψν5)∥∥∥
Lp
+ ε3ν
∥∥∥∇Ψν5t (Φν1 − Φν5)∥∥∥
Lp
≤ cε2−
2
p
ν ,
ε3ν
∥∥∥∇Ψν5t (Φν1 − Φν5)∥∥∥
Lp
+ ε2ν
∥∥∥∇Φν5s (Aν1 −Aν5)∥∥∥
Lp
≤ cε2−
2
p
ν ,
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ε3ν
∥∥∥∇Φν5s (Ψν1 −Ψν5)∣∣∣ ‖Lp + ε4ν ∥∥∥∇Φν5s (Φν1 − Φν5)∥∥∥
Lp
≤ cε2−
2
p
ν ,
∥∥πAν5 (Ξν1 − Ξν5)∥∥Ξν5 ,1,p,1 ≤ cε1−
1
p
ν ;
in order to improve the estimates for the non-harmonic part, we use the identity
d
∗εν
Ξν5
(Ξν1 −Kεν2 (Ξν5)) = 0,
i.e. if we define Ξν1−Ξν5 =: α¯ν+ψ¯νdt+ψ¯νds and Ξν−Kεν2 (Ξν5) =: αν+ψνdt+ψνds,
by the definition of Kεν2
‖d∗Aν5 α¯
ν‖Lp = ‖d∗Aν5α
ν‖Lp ≤ ε2ν‖∇tψν‖Lp + ε4ν‖∇sφν‖Lp ≤ cε2−
1
p ;
and since FAν1 = dAν5 α¯
ν + 12 [α¯
ν ∧ α¯ν ] and
‖dAν5 α¯‖Lp ≤ cε2−
1
p + ‖α¯ν‖2L2p ≤ cε2−
2
p .

Step 7. We choose p > 13. There are three positive constants δ1, ε0, c such that
for any εν < ε0
(15.38)
∥∥πAν5 (Aν1 −Aν5)∥∥Lp + ∥∥πAν5 (Aν1 −Aν5)∥∥L∞ ≤ cε1+δ1ν .
End of the proof: Finally we can apply the theorem 10.2 choosing ε0 such that
cεδ10 < δ for the δ needed in the theorem 10.2; thus, we can conclude that for ν big
enough Ξν = Rεν ,b(Ξν5) which is a contradiction to the fact that the Ξν are not in
the image of Rεν ,b. Therefore the proof of theorem 15.1 is concluded.
Proof of step 7. The idea is to consider the situation in the figure 4 in order to
improve the norm of πAν5 (A
ν−Kεν2 (Ξν5)). In particular, we use that αν1 ∈ im d∗Aν2 and
the fact that the norm of Πim d∗
Aν5
(α¯ν) can be estimate using the identity dAν5 α¯
ν =
− 12 [α¯ν ∧ α¯ν ] deduced from FAν2 = FA0 + dAν5 α¯ν + 12 [α¯ν ∧ α¯ν ]. We denote by
Aνk +Ψ
ν
kdt+Φ
ν
kds the connection Kεν2 (Ξν5).
FA = 0
α˜ν(t)
Aν2(t, s) A
ν
5(t, s)
Aνk(t, s)
Aν(t, s)
α¯ν(t, s)
α¯ν0(t, s)α
ν
1(t, s)
Figure 4. The splitting of the seventh step.
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Let ∇t := ∇Ψ
ν
5
t and ∇s := ∇Φ
ν
5
s . By the lemmas 7.7, 7.6 and the estimates (9.11)
and (9.12) we have∥∥∥πAν5 (Aν −Kεν2 (Ξν5))
∥∥∥
Lp
+
∥∥∇tπAν5 (Aν −Kεν2 (Ξν5))∥∥Lp
+
∥∥∇sπAν5 (Aν −Kεν2 (Ξν5))∥∥Lp + ∥∥∇t∇tπAν5 (Aν −Kεν2 (Ξν5))∥∥Lp
≤c ∥∥πAν5Dεν1 (Kεν2 (Ξν5))(Ξν −Kεν2 (Ξν5))∥∥Lp
+ c
∥∥(1− πAν5 ) (Aν −Aνk)∥∥1,p,εν + cε3− 2p
+ c
∥∥∇t (1− πAν5 ) (Aν −Aνk)∥∥Lp
+ cε2ν ‖Dεν2 (Kεν2 (Ξν5))(Ξν −Kεν2 (Ξν5))‖Lp .
(15.39)
and thus our task is to estimate all the norms on the right hand side of the inequal-
ity; the second one can be estimate by cε
2− 2
p
ν by the previous step and the lemma
9.1. The last term of (15.39) can be estimate by
ε2ν
∥∥Dεν2 (Kεν2 (Ξν5))(Ξν −Kεν2 (Ξν5))∥∥Lp
≤ε2ν ‖Fεν2 (Kεν2 (Ξν5))‖Lp
+ ε2ν ‖Cεν2 (Kεν2 (Ξν5))(Ξν −Kεν2 (Ξν5))‖Lp ≤ cε2−
5
p
(15.40)
where the first inequality follows from
Dεν2 (Kεν2 (Ξν5))(Ξν −Kεν2 (Ξν5)) = −Fεν2 (Kεν2 (Ξν5))− Cεν2 (Kεν2 (Ξν5))(Ξν −Kεν2 (Ξν5))
because of Fεν2 (Ξν) = 0 and the second estimating Cεν2 (Kεν2 (Ξν5))(Ξν − Kεν2 (Ξν5))
term by term using the formula (8.4). Next, we define α˜ν + ψ˜νdt + φ˜νds := Ξν −
Kεν2 (Ξν5) and
(15.41) Aν −Aνk = (Aν −Aν2) + (Aν2 −Aν5) + (Aν5 −Aνk) = αν1 + α¯ν − α¯ν0
where α¯ν0 := Kεν2 (Ξν5) − Ξν5 . We remark that 0 = FAν5+α¯ν = dAν5 α¯ν + 12 [α¯ν ∧ α¯ν ].
Furthermore, since by Fεν1 (Ξν) = 0
Dεν1 (Kεν2 (Ξν5))(Ξν −Kεν2 (Ξν5)) = −Fεν1 (Kεν2 (Ξν5))− Cεν1 (Kεν2 (Ξν5))(Ξν −Kεν2 (Ξν5))
and by (9.6)
∥∥πAν5Fεν1 (Kεν2 (Ξν5))∥∥Lp ≤ cε2,∥∥∥πAν5Dεν1 (Kεν2 (Ξν5))(α˜ν + ψ˜νdt+ φ˜νds)
∥∥∥
Lp
≤∥∥πAν5Fεν1 (Kεν2 (Ξν5))∥∥Lp
+
∥∥∥πAν5Cεν1 (Kεν2 (Ξν5))(α˜ν + ψ˜νdt+ φ˜νds)
∥∥∥
Lp
≤cε2−
7
p
ν +
1
ε2ν
∥∥∥∥πAν5
([
α˜ν ∧ ∗
(
dAν5 α˜
ν +
1
2
[α˜ν ∧ α˜ν ]
)])∥∥∥∥
Lp
≤cε2−
7
p
ν +
1
ε2ν
∥∥πAν5 ([α˜ν ∧ ∗ (dAν5 (α˜ν − α¯ν))])∥∥Lp + cε1− 7pν ∥∥πAν5 (α˜ν)∥∥Lp
(15.42)
where the second step follows estimating (8.3) term by term. Next, we consider the
following operator
Qεν (Ξν5) (Ξ
ν −Kεν2 (Ξν5)) :=Dεν (Ξν5) (Ξν −Kεν2 (Ξν5)) +
1
2ε2ν
d∗Aν5 [α¯
ν ∧ α¯ν ](15.43)
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whose first component can be written as
Qεν1 (Ξ
ν
5) (α˜
ν + ψ˜νdt+ φ˜νds) = ∇s
(
α˜ν − Πim d∗
Aν
5
(α¯ν)
)
− dAν5 φ˜ν
+
1
ε2ν
d∗Aν5dAν5 (α˜
ν − α¯ν)− d ∗Xt(Aν5)
(
α˜ν −Πim d∗
Aν5
(α¯ν)
)
−∇t∇t
(
α˜ν −Πim d∗
Aν5
(α¯ν)
)
− 2
[
ψ˜ν ,
(
∂tA
ν
5 − dAν5Ψν5
)]
+∇s
(
Πim d∗
Aν5
(α¯ν)
)
− d ∗Xt(Aν5)Πim d∗Aν5 (α¯
ν)−∇t∇t
(
Πim d∗
Aν5
(α¯ν)
)
.
(15.44)
By theorem 7.3 we obtain that∥∥∥d∗Aν5dAν5 (α˜ν − α¯ν)
∥∥∥
Lp
+ ε2ν
∥∥∥∇t∇t(1− πAν5 )(α˜ν −Πim d∗Aν5 (α¯ν)
)∥∥∥
Lp
+ εν
∥∥∥∇t(1− πAν5 )(α˜ν −Πim d∗Aν
5
(α¯ν)
)∥∥∥
Lp
≤cε2ν
∥∥∥Dεν1 (Ξν5)(α˜ν −Πim d∗Aν
5
(α¯ν), ψ˜ν , φ˜ν
)∥∥∥
Lp
+ ε2
∥∥∇sπAν5 (α˜ν − α¯ν)∥∥Lp
+ ε2
∥∥∇t∇tπAν5 (α˜ν − α¯ν)∥∥Lp + cε3− 1pν
and by (15.44), step 2, the lemma 15.2 and the theorem 10.1
≤cε2ν
∥∥∥Qεν1 (Ξν5)(α˜ν , ψ˜ν , φ˜ν)∥∥∥
Lp
+ cε
3− 2
p
ν
+ ε2ν
∥∥∥∇t∇t (Πim d∗
Aν
5
(α¯ν)
)∥∥∥
Lp
+ ε2ν
∥∥∥∇s (Πim d∗
Aν
5
(α¯ν)
)∥∥∥
Lp
since Fεν1 (Kεν2 (Ξν5)) + Qεν1 (Kεν2 (Ξν5)) (α˜ν , ψ˜ν , φ˜ν) + Cεν1 (Kεν2 (Ξν5)) (α˜ν , ψ˜ν , φ˜ν) −
1
2ε2ν
d∗Aν5 [α¯
ν ∧ α¯ν ] = 0,
≤cε2ν ‖Fεν1 (Kεν2 (Ξν5))‖Lp + cε
3− 2
p
ν
+ cε2ν
∥∥∥∥Cεν1 (Kεν2 (Ξν5))(α˜ν , ψ˜ν , φ˜ν)− 12ε2ν d∗Aν5 [α¯ν ∧ α¯ν ]
∥∥∥∥
Lp
+ ε2ν
∥∥∥∇t∇t (Πim d∗
Aν
5
(α¯ν)
)∥∥∥
Lp
+ ε2ν
∥∥∥∇s (Πim d∗
Aν
5
(α¯ν)
)∥∥∥
Lp
≤cε3−
7
p
ν + ε
2
ν
∥∥∥∇t∇t (Πim d∗
Aν5
(α¯ν)
)∥∥∥
Lp
+ ε2ν
∥∥∥∇s (Πim d∗
Aν5
(α¯ν)
)∥∥∥
Lp
.
where the last step follows estimating (8.3) term by term. Hence, by the last
estimate, (15.39), (15.40) (15.42) and the next claim:∥∥πAν5 (Aν −Kεν2 (Ξν5))∥∥Lp + ∥∥∇tπAν5 (Aν −Kεν2 (Ξν5))∥∥Lp
+
∥∥∇t∇tπAν5 (Aν − Kεν2 (Ξν5))∥∥Lp
+
∥∥∇sπAν5 (Aν −Kεν2 (Ξν5))∥∥Lp
≤cε2−
10
p
ν + ε
1− 1
p
ν
∥∥∥∇t∇t (Πim d∗
Aν5
(α¯ν)
)∥∥∥
Lp
+ ε
1
p
ν
∥∥∥∇s (Πim d∗
Aν
5
(α¯ν)
)∥∥∥
Lp
≤ cε2−
10
p
ν .
88 RE´MI JANNER
Therefore, for p > 10 and by the Sobolev’s theorem 5.1 for ε = 1, there is a δ1 > 0,
such that ∥∥πAν5 (Aν1 −Aν5)∥∥Lp + ∥∥πAν5 (Aν1 −Aν5)∥∥L∞ ≤ cε1+δ1ν
holds for εν small enough. Thus we concluded the proof of the seventh step. 
Claim. There are two positive constants c and ε0 such that, for 0 < ε < ε0,∥∥∥∇t∇t (Πim d∗
Aν5
(α¯ν)
)∥∥∥
Lp
+
∥∥∥∇s (Πim d∗
Aν5
(α¯ν)
)∥∥∥
Lp
≤cε1− 2p (1 + ‖∇t∇tπAν5 (α¯ν)‖Lp + ‖∇sπAν5 (α¯ν)‖Lp)
Proof of the claim. We write
(
Πim d∗
Aν5
(α¯ν)
)
= d∗Aν5ω
ν for 2-form ων and hence
‖∇t∇td∗Aν5ω
ν‖Lp ≤‖dAν5∇t∇td∗Aν5ω
ν‖Lp +
∥∥∥(1− Πim d∗
Aν
5
)
∇t∇td∗Aν5ω
ν
∥∥∥
Lp
using the commutation formulas, the L∞-bound on the curvature terms and the
lemma B.1, we obtain
≤‖∇t∇tdAν5 α¯ν‖Lp + c‖d∗Aν5ω
ν‖Lp + c‖∇td∗Aν5ω
ν‖Lp
and by the identity dAν5 α¯
ν + 12 [α¯
ν ∧ α¯ν ]
≤1
2
‖∇t∇t[α¯ν ∧ α¯ν ]‖Lp + c‖α¯ν‖Lp + c‖∇tα¯ν‖Lp
≤c‖α¯ν‖L∞‖∇t∇tα¯ν‖Lp + c‖∇tα¯ν‖L2p‖∇tα¯ν‖L2p
+ c‖α¯ν‖Lp + c‖∇tα¯ν‖Lp
≤cε1− 2p
(
1 +
∥∥∥∇t∇t (Πim d∗
Aν
5
(α¯ν)
)∥∥∥
Lp
)
+ cε1−
2
p
∥∥∇t∇t (πAν5 (α¯ν))∥∥Lp .
In the same way, we can show that∥∥∥∇s (Πim d∗
Aν5
(α¯ν)
)∥∥∥
Lp
≤cε1− 2p
(
1 +
∥∥∥∇s (Πim d∗
Aν5
(α¯ν)
)∥∥∥
Lp
)
+ cε1−
2
p
∥∥∇s (πAν5 (α¯ν))∥∥Lp
and thus the claim holds for ε sufficiently small. 
With the last claim we concluded also the proof of the theorem 15.1. 
16. Proofs of the main theorems
The definition 10.3 of the map Rε,b and the theorem 15.1, which assures its
surjectivity, allow us to conclude that the theorem 1.3 holds. Thus, we need only
to explain the proof of theorem 1.4.
Proof of theorem 1.4. If we fix a regular value b of EH , then by the theorem 1.1
there is a positive constant ε0 such that the map T ε,b is a bijection for 0 < ε < ε0.
In addition, since G0(P ) acts freely, T ε,b descends to the map
T¯ ε,b : CritbEH/G0(P × S1)→ CritbYMε,H/G0(P × S1)
HEAT FLOW AND YANG-MILLS THEORY 89
which maps perturbed closed geodesics to orbits of perturbed Yang-Mills connec-
tions with the same Morse index and therefore we can see it as chain complex
homeomorphism
T¯ ε,b : CEH ,b∗ → CYM
ε,H ,b
∗ .
For any two perturbed geodesics γ± ∈ [CritbEH ] with index difference 1, the map
Rε,b is, for two lifts Ξ± ∈ CritbEH with [Ξ±] = γ±, by theorem 1.3, bijective and
thus
♯Z2M¯0 (Ξ−,Ξ+) /R = ♯Z2M¯ε
(T ε,b(Ξ−), T ε,b(Ξ+)) /R
which yields that the following diagram commutes
. . . −−−−→ CEH ,bk+1
∂E
H
k−−−−→ CEH ,bk
∂E
H
k−1−−−−→ CEH ,bk−1 −−−−→ . . .yT¯ ε,b yT¯ ε,b yT¯ ε,b
. . . −−−−→ CYMε,H ,bk+1
∂YM
ε,H
k−−−−−→ CYMε,H ,bk
∂YM
ε,H
k−1−−−−−→ CYMε,H ,bk−1 −−−−→ . . .y(T¯ ε,b)−1 y(T¯ ε,b)−1 y(T¯ ε,b)−1
. . . −−−−→ CEH ,bk+1
∂E
H
k−−−−→ CEH ,bk
∂E
H
k−1−−−−→ CEH ,bk−1 −−−−→ . . .
and hence(T¯ ε,b)∗ : HM∗ (LbMg(P ),Z2)→ HM∗ (Aε,b (P × S1) /G0 (P × S1) ,Z2)
is an isomorphism. 
Appendix A. Norms for 1-forms on Σ× S1
We fix a connection Ξ0 = A0 + Ψ0dt ∈ A(Σ × S1) and we define the following
norms on Ωi(Σ × S1, gP ), i = 1, 2. Let ξ(t) = α(t) + ψ(t) ∧ dt such that α(t) ∈
Ω1(Σ, gP ) and ψ(t) ∈ Ω0(Σ, gP ) or α(t) ∈ Ω2(Σ, gP ) and ψ(t) ∈ Ω1(Σ, gP ), then
‖ξ‖p0,p,ε,Σ×S1 :=
∫ 1
0
(
‖α‖pLp(Σ) + εp‖ψ‖pLp(Σ)
)
dt,
‖ξ‖∞,ε,Σ×S1 := ‖α‖L∞(Σ×S1) + ε‖ψ‖L∞(Σ×S1)
and
‖ξ‖pΞ0,1,p,ε,Σ×S1 :=
∫ 1
0
(
‖α‖pLp(Σ) + ‖dA0α‖pLp(Σ) + ‖d∗A0α‖pLp(Σ)
)
dt
+
∫ 1
0
εp
(
‖∇tα‖pLp(Σ) + ‖ψ‖pLp(Σ) + ‖dA0ψ‖pLp(Σ) + εp‖∇tψ‖pLp(Σ)
)
dt.
Inductively,
‖ξ‖pΞ0,k+1,p,ε,Σ×S1 :=‖α+ ψ dt‖
p
Ξ0,k,p,ε,Σ×S1 + ‖dA0α‖
p
Ξ0,k,p,ε,Σ×S1
+ ‖d∗A0α‖pΞ0,k,p,ε,Σ×S1 + εp‖∇tα‖
p
Ξ0,k,p,ε,Σ×S1
+ ‖dA0ψ ∧ dt‖pΞ0,k,p,ε,Σ×S1 + εp‖∇tψ dt‖
p
Ξ0,k,2,ε,Σ×S1 .
For i = 1, 2, we can define by W k,p(Σ × S1,ΛiT ∗(Σ × S1) ⊗ gP×S1) the Sobolev
space of the i-forms respect to the norm ‖ · ‖Ξ0,k,p,1,Σ×S1 . We now choose a refer-
ence connection Ξ0 and all the Sobolev inequalities hold as follows by the Sobolev
embedding theorem (cf. [9]).
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Theorem A.1 (Sobolev estimates). We choose 1 ≤ p, q < ∞ and l ≤ k. Then
there is a constant cs such that for every ξ ∈W k,p(Σ×S1,ΛiT ∗(Σ×S1)⊗ gP×S1),
i = 1, 2, and any reference connection Ξ0:
(1) If l− 3q ≤ k − 3p , then
(A.1) ‖ξ‖Ξ0,l,q,ε,Σ×S1 ≤ csε1/q−1/p ‖ξ‖Ξ0,k,p,ε,Σ×S1 .
(2) If 0 < k − 3p , then
(A.2) ‖ξ‖Ξ0,∞,ε,Σ×S1 ≤ csε−1/p ‖ξ‖Ξ0,k,p,ε,Σ×S1 .
Appendix B. Estimates on the surface
The first two lemmas were proved by Dostoglou and Salamon (cf. [7], lemma 7.6
and lemma 8.2) for p > 2 and q =∞; the proofs in the case p = 2 and 2 ≤ q <∞
are similar.
Lemma B.1. We choose p > 2 and q = ∞ or p = 2 and 2 ≤ q < ∞. Then there
exist two positive constants δ and c such that for every connection A ∈ A(P ) with
‖FA‖Lp(Σ) ≤ δ
there are estimates
‖ψ‖Lq(Σ) ≤ c‖dAψ‖Lp(Σ), ‖dAψ‖Lq(Σ) ≤ c‖dA ∗ dAψ‖Lp(Σ),
for ψ ∈ Ω0(Σ, gP ).
Lemma B.2. We choose p > 2 and q = ∞ or p = 2 and 2 ≤ q < ∞. Then
there exist two positive constants δ and c such that the following holds. For every
connection A ∈ A(P ) with
‖FA‖Lp(Σ) ≤ δ
there exists a unique section η ∈ Ω0(Σ, gP ) such that
FA+∗dAη = 0, ‖dAη‖Lq(Σ) ≤ c‖FA‖Lp(Σ).
The following lemma is a simplified version of the lemma B.2. in [14] where
Salamon allows also to modify the complex structure on Σ if it is C1-closed to a
fixed one.
Lemma B.3. Fix a connection A0 ∈ A0(P ). Then, for every δ > 0, C > 0, and
p ≥ 2, there exists a constant c = c(δ, C,A0) ≥ 1 such that, if A ∈ A(P ) satisfy
‖A−A0‖L∞(Σ) ≤ C then, for every ψ ∈ Ω0(Σ, gP ) and every α ∈ Ω1(Σ, gP ),
(B.1) ‖ψ‖pLp(Σ) ≤ δ‖dAψ‖pLp(Σ) + c‖ψ‖pL2(Σ),
(B.2) ‖α‖pLp(Σ) ≤ δ
(
‖dAα‖pLp(Σ) + ‖dA ∗ α‖pLp(Σ)
)
+ c‖α‖pL2(Σ).
Lemma B.4. We choose p ≥ 2. There is a positive constant c such that the
following holds. For any connection A ∈ A0(P ) and any α ∈ Ω1(Σ, gP )
‖α‖Lp(Σ) + ‖dAα‖Lp(Σ) + ‖d∗Aα‖Lp(Σ) + ‖d∗AdAα‖Lp(Σ) + ‖d∗Ad∗Aα‖Lp(Σ)
≤c‖(dAd∗A + d∗AdA)α‖Lp + ‖πA(α)‖Lp(Σ).
(B.3)
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Proof. For any flat connection A, the orthogonal splitting of Ω1(Σ) = im dA ⊕
im d∗A ⊕H1A(Σ, gP ) implies that there is a positive constant c0 such that
‖dAd∗Aα‖Lp(Σ) + ‖d∗AdAα‖Lp(Σ) ≤ c0‖(dAd∗A + d∗AdA)α‖Lp(Σ);
thus, we can conclude the proof applying the lemma B.1. 
Lemma B.5. We choose p ≥ 2. There is a positive constant c such that the
following holds. For any δ > 0, any connection A ∈ A0(P ), α ∈ Ω1(Σ, gP ) and
ψ ∈ Ω0(Σ, gP )
‖dAα‖Lp(Σ) ≤ c
(
δ−1 ‖α‖Lp(Σ) + δ ‖d∗AdAα‖Lp(Σ)
)
,
‖d∗Aα‖Lp(Σ) ≤ c
(
δ−1 ‖α‖Lp(Σ) + δ ‖dAd∗Aα‖Lp(Σ)
)
,
‖dAψ‖Lp(Σ) ≤ c
(
δ−1 ‖ψ‖Lp(Σ) + δ ‖d∗AdAψ‖Lp(Σ)
)
.
(B.4)
Furthermore, for any δ > 0, any connection A + Ψdt ∈ A(P × S1), α + ψdt ∈
Ω1(Σ× S1, gP )
ε ‖∇tα‖Lp(Σ×S1) ≤ c
(
δ−1 ‖α‖Lp(Σ×S1) + δε2 ‖∇t∇tα‖Lp(Σ×S1)
)
,
ε2 ‖∇tψ‖Lp(Σ×S1) ≤ c
(
δ−1ε ‖ψ‖Lp(Σ×S1) + δε3 ‖∇t∇tψ‖Lp(Σ×S1)
)
.
(B.5)
Proof. The last two estimates follow analogously to the lemma D.4. in [13]. The
first can be proved as follows. We choose q such that 1p +
1
q = 1 then
‖dAα‖Lp(Σ) =sup
α¯
〈dAα, δ−1α¯+ δdAd∗Aα¯〉
‖δ−1α¯+ δdAd∗Aα¯‖Lq(Σ)
≤ sup
α¯
c〈δ−1α+ δd∗AdAα, d∗Aα¯〉
δ−1 ‖α¯‖Lq(Σ) + δ ‖dAd∗Aα¯‖Lq(Σ) + ‖d∗Aα¯‖Lq (Σ)
≤
(
δ−1 ‖α‖Lp(Σ) + δ ‖d∗AdAα‖Lp(Σ)
)
sup
α¯
c ‖d∗Aα¯‖Lq(Σ)
‖d∗Aα¯‖Lq(Σ)
=c
(
δ−1 ‖α‖Lp(Σ) + δ ‖d∗AdAα‖Lp(Σ)
)
.
where the supremum is taken over all non-vanishing 1-forms α¯ ∈ Lq with dAd∗Aα¯ ∈
Lq. The norm
∥∥δ−1α¯+ δdAd∗Aα¯∥∥Lq(Σ) is never 0 because∥∥δ−1α¯+ δdAd∗Aα¯∥∥2L2(Σ) = δ−2 ‖α¯‖2L2(Σ) + δ2 ‖dAd∗Aα¯‖2L2(Σ) + 2 ‖d∗Aα¯‖2L2(Σ) 6= 0,
otherwise we would have a contradiction by the Ho¨lder inequality and the operator
δ−1 + δdAd∗A is surjective. The second and the third estimate of the lemma can be
shown exactly in the same way. 
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